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Abstract
I examine the interpretation of photon redshifts in curved spacetime, as being gravita-
tional or Doppler in origin. In Friedmann-Lemaˆıtre-Robertson-Walker spacetime, red-
shifts between comoving observers are often attributed to “expanding space”, whereas
in Schwarzschild spacetime, redshifts between static observers are attributed to “grav-
itational” causes. Yet various authors have suggested a freely falling observer con-
gruence would interpret any redshift as Doppler, whereas a rigid congruence must
interpret it as gravitational since there is no relative motion. I realise this proposal
by explicitly constructing coordinate systems for rigid motion in the above spacetimes.
This includes an extensive analysis of observer-dependent distance measurement in
curved spacetime. I also introduce Rindler acceleration, the Milne model, and New-
tonian cosmology.
Note: This version is from 2015, updated two weeks after formally submitting the thesis. It has been available
on my personal website since January 2017. The above abstract is new, along with cosmetic improvements to
the references. — CM, 13th Nov. 20191
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Original abstract (2015)
The expansion of the universe is usually described as an expansion of space itself, but some have argued it
is motion through space. A related question is what causes the cosmological redshift. This turns out to be
closely related to the concept of rigidity. I critically examine these areas, and derive numerous original results.
I overview two flat spacetime analogues to the standard general relativistic Friedmann-Lemaˆıtre-Robertson-
Walker (FLRW) model of the universe. The Milne model describes the empty universe case within Minkowski
space. Newtonian gravity replicates the Friedmann equations which describe the rate of expansion. In both
models, the expansion would normally be interpreted as motion.
I show redshifts to have a flexible interpretation, by inciting the equivalence principle for contrived motions
of observer families. It is straightforward to induce a Doppler redshift interpretation, but the gravitational
redshift case is difficult and coincides with the problem of determining rigid motions. This in turn requires
a solid conceptual foundation of distance measurements in relativity, especially distance as measured in the
local inertial or proper frame of an observer.
In the Schwarzschild geometry, the distance which receives the most attention in sources is the radial “proper
distance” interval
(
1− 2Mr
)−1/2
dr. In the FLRW case, the usual focus is on the radial distance interval Rdχ.
I show these are indeed the most natural or canonical choices. However sources which imply an absolute nature
for these quantities are misleading, because most observers would measure a different distance depending on
their motion. Though the proper distance is a coordinate-independent quantity for a given worldline, the
common choice of constant coordinate time slice used to define the worldline in the first place is coordinate-
dependent. It is only observers stationary in the radial direction, that is drdt = 0 and
dχ
dt = 0 respectively, who
measure these distances.
I demonstrate how to compute length-contraction within general relativity. This effect is computed in local
inertial frames, and occurs with the same Lorentz factor γ from special relativity. One approach uses local
Lorentz transformations to obtain contraction by γ. An alternate but complementary derivation is based on
the spatial metric, and given an expansion by γ, interpreted as due to measurement by length-contracted
rulers. These results aid in determining proper-frame distances. I defend the concept of rigid rulers for
distance measurement, though photon radar is now in vogue. The metric does not yield ruler distances in
general, because these also depend on the motion of the rulers. A natural time slicing is along orthogonal
hypersurfaces to the flow, which exist when the flow has zero helicity.
In flat spacetime, redshifts may be interpreted as purely gravitational by matching the velocities of observers to
the Rindler coordinates, which describe accelerated rigid motion. I derive the kinematics of a Schwarzschild
“fishing line”, a 1-dimensional rigid object reeled at a constant rate. Near a black hole, such a line has
infinite proper length. This description yields a redshift interpretation with different gravitational and Doppler
contributions from the usual interpretation. I also derive the kinematics of a 3-dimensional revolving object in
Schwarzschild spacetime. This demonstrates accelerated 3-dimensional rigid motions do indeed exist in curved
spacetime. It may also be used to flexibly interpret redshifts. I also quantify the behaviour of a long rigid
cable extended from a comoving galaxy in an FLRW universe, by presenting a system of differential equations.
In the case of a universe with only dark energy, such a cable would have proper length pi2H
−1
0 before reaching
the Hubble sphere at (Hubble flow) proper distance H−10 , due to length-contraction. This rigid system also
leads to an alternate decomposition of the Doppler and gravitational contributions of redshift.
The offset of the Milky Way from the Hubble flow implies length-contraction by ≈ 0.0002% in the direction of
motion, relative to the measurement of Hubble comovers. For Earth’s orbit around the Sun, length-contraction
of its rulers leads to a measured orbit length increase of 9km, as measured by “stationary” observers. A
potential application not analysed is of an astronaut plummeting towards a black hole, who would experience
length-contraction and hence a different experience of tidal forces than usual analyses describe.
Overall, the interpretation of redshifts is highly flexible. Nonetheless the standard interpretation in the
Schwarzschild and FLRW situations is the most natural. Expansion of space is indeed a valid metaphor
for the expansion of the universe, though it has benefited from critique.
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1 Introduction
1.1 Expansion
The expansion of the universe is one of the key concepts upon which cosmology is derived. The primary
evidence for this expansion is the redshift of light and other electromagnetic radiation, meaning an increase
in wavelength between emission and reception. More distant galaxies are more redshifted, indicating they are
receding from us faster than nearby galaxies. This expansion is modelled in general relativity by the Friedmann-
Lemaˆıtre-Robertson-Walker (FLRW) spacetime, which describes a homogeneous and isotropic matter distri-
bution. The rate of expansion is then derived from the Friedmann equations, which follow from Einstein’s
field equations.
But could the expansion be equally well explained by other coordinate systems? This has already been done
for special cases such as the empty universe, whose flat spacetime is also described by the Minkowski metric.
Interestingly, when applying a different coordinate system, our interpretation and language used to describe
that system change. When using the FLRW metric this coordinate description suggests the interpretation
that space is expanding, because of the scale factor term R(t). On the other hand, when using the Minkowski
metric one usually describes galaxies as moving through a fixed space. But of course, deriving coordinate-
independent properties is paramount. I investigate what is invariant, the flexibility of coordinate-dependent
interpretations as well as their limits, as well as the intermediate concept of “natural” or “canonical” — where
a symmetry suggests the choice of a particular coordinate system or in which the laws of physics might be
expressed in a more convenient form.
As a more down-to-earth example, consider a sports field, which would usually be described using a flat coor-
dinate system. One may describe a player who runs 40 metres from their goal line directly down the field. In
other coordinate systems, this could be described as running so many degrees longitude, or as 40 metres east.
There may be coordinate systems which are more simple and familiar than others, but that doesn’t mean they
are the only possibilities. In my thesis I explore various possible choices of coordinate system for describing
our expanding universe. Through analysing these options, I put to the test some of the assumptions about
our universe, and try to assess what is a necessary part of physics and what is a contingent aspect resulting
merely from a choice of coordinate system.
For example, what does it mean to say space is expanding, or that space is stretching? These common phrases
are used to intuitively describe the expansion of the universe, but they do have some limitations.
In “A diatribe on expanding space”, Peacock (2008, §2) asserts “ ‘expanding space’ is in general a dangerously
flawed way of thinking about an expanding universe.” In contrast Davis & Lineweaver (2004, §3.1) explain
the Hubble recession velocity as due to the “expansion of space, not movement through space”. One argument
or test case about expanding space is that local inhomogeneities (such as a gravitationally bound galaxy of
stars) do not show a Hubble expansion. Another test is the “tethered galaxy” scenario of a particle initially
kept at constant “proper distance”, which when released will not join the local Hubble flow, but in the case
of a cosmological constant dominated universe the galaxy will actually end up on the far side of the origin
(Davis et al., 2003) (Peacock, 2008)!
1.2 Redshift
One of the potentially coordinate-dependent aspects of the expanding universe is what causes the cosmological
redshift. This is commonly described as being due to the expansion of space. I investigate if it can be
interpreted as a flexible combination of a Doppler shift and a gravitational shift, depending on the coordinate
system chosen. This is done by appealing to the equivalence principle.
Cosmological redshift can be understood as an accumulation of Doppler shifts, as argued by the major influences
on this thesis (Peacock, 2008) (Bunn & Hogg, 2009) Davis (2004). Bunn and Hogg go further to argue that
even the overall redshift can be understood as a Doppler shift. Though the Hubble recession velocity does not
fit the special relativistic Doppler shift formula, a different measure of velocity is found by parallel propagating
the galaxy 4-velocity to the observer’s location, then the resulting speed difference does in fact fit this formula.
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They propose the use of the equivalence principle to set up interpretations of redshifts as being purely Doppler
or purely gravitational in origin. The concept is to have a line of observers along a photon path, or equivalently
a coordinate system. Then a purely Doppler interpretation would be achieved if the observers are all in freefall,
because the absence of acceleration would seem the same as absence of gravity, so the redshift could not seem
gravitational. On the other hand a purely gravitational interpretation is achieved if the observers maintain
a constant distance from one another, since by perceiving no motion they naturally interpret the redshift as
gravitational.
Chodorowski (2005) argues that flat space models are less inferior to the FLRW model than one might expect.
He is nonetheless clear that these models are of merely “pedagogical” value and are not serious contenders.
In particular, the Milne and FLRW models share redshift interpretations. Chodorowski (2011) also derives
a purely kinematic interpretation of redshifts. Grøn & Elgarøy (2007, §4) argue Newtonian and special
relativistic models of the expansion fail, and suggest a decomposition of cosmological redshift into Doppler
and gravitational effects but with strict limits. Peacock (2008) proposes a redshift formula with combined
Doppler and gravitational contributions.
It turns out the gravitational interpretation requires a system of observers at constant distance from one-another,
which is the same property as rigidity.
1.3 Rigidity
A rigid body is one which maintains its shape over time, which in the strictest sense is Born-rigidity (Born,
1909) in which the constituent particles maintain exactly constant distance from one-another. Hence the
kinematics of rigid bodies are identical to the kinematics required to interpret redshifts as gravitational. The
background theory has at times been better developed in the continuum mechanics literature, so one could
import concepts and terminology from that discipline.
The distance measured in the proper frame of a moving observer is given by the spatial projector Pµν , a quantity
found in any advanced textbook on general relativity. This tensor may be expressed in any coordinate system,
but a particularly nice choice is coordinates which are comoving for a given particle flow. This choice amounts
to tracking particles over time, and is called the “proper metric” by one author. This little-known quantity is
due to Souriau in 1958 and Maugin (1971).
Brotas (2006) claimed to describe the rigid motion of a 1-dimensional line in the Schwarzschild geometry. Such
a discovery would enable flexible interpretation of redshifts. However his results are demonstrably wrong on
several points. In particular, the new coordinate system he proposes fails to describe Schwarzschild spacetime
as intended.
Bunn & Hogg (2009) propose fitting a rigid chain of observers between two endpoints corresponding to the
emission and reception of a photon. They require the velocities at each endpoint to match up, which would
seem a contradictory requirement for example if the endpoints are pulling apart. However they point out
there is an analogy in the Rindler coordinates, in which the endpoints of a rigid rod have different speeds in
almost all frames. Their paper outlines intriguing conceptual proposals but includes almost no calculation.
2 Background part I — Relativity, spaces, cosmology
Cosmology is the subset of astronomy and astrophysics that describes the large-scale structure of the universe,
including large distances and time scales. It is modeled using general relativity, which superseded Newton’s
theory of gravity.
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Figure 1: Length-contraction in flat space-
time. Suppose a fast rocket passes a galaxy.
In the rocket’s frame (top), the galaxy is
length-contracted. In the galaxy frame (bot-
tom) it is the rocket which is shortened. This
is the usual line of thinking, but the following
conceptual approach is equally valid. Sup-
pose a rigid ruler is attached to the rocket, or
painted on its side. Then in the rocket frame
(top), the rocket ruler measures a shortened
galaxy, as before. But in the galaxy frame
(bottom), the rocket ruler is contracted, and
so it measures a longer galaxy. The “true”
(proper) length of the galaxy is the geometric
mean of these measurements.
2.1 Models of space, time, and gravity
In Newtonian gravity, the force F between two particles of masses m and M is
F =
GmM
r2
, (1)
where r is their separation and G is Newton’s gravitational constant. Space and time are absolute and modelled
as Euclidean R3 × R with Cartesian or other coordinates. Newtonian gravity is still used frequently for its
computational simplicity and instructive purposes.
In relativity, space and time are no longer completely distinct, but merge into spacetime. Special relativity
ignores gravity but describes the effects of high (relative) velocities. An object moving at speed V relative to
some observer has measured length-contraction and time-dilation by the Lorentz factor
γ(V ) ≡ (1− V 2)−1/2. (2)
A Lorentz boost changes coordinates between frames in standard configuration, and is the counterpart to Galilean
transformations in Newtonian physics. For a coordinate system (t, x, . . .), a boost in the x-direction by speed
V is described by the new coordinates (t′, x′, . . .) where
t′ = γ
(
t− V x
c2
)
(3)
x′ = γ (x− V t) , (4)
where c is the speed of light. The Lorentz velocity addition law describes how to combine collinear velocities.
The rapidity φ ≡ tanh−1 V is a measure of speed for which collinear rapidities φ1 and φ2 add as simply φ1 +φ2.
In both special and general relativity, spacetime is modelled by a 4-dimensional geometry which describes the
curvature, technically a pseudo-Riemannian 4-manifold4 with quadratic form metric gµν (Hobson et al., 2006,
p32). A point in spacetime is an event, described by coordinates xµ = (x0, x1, x2, x3), and here using the sign
convention −+ ++ so the first coordinate is time. The spacetime interval s is given by
ds2 = gµνdx
µdxν . (5)
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(For special relativity in particular, spacetime is modelled by Minkowski space which has metric ηµν ≡
diag(−1, 1, 1, 1).)
Geometric units are used throughout, where G = c = 1 and all units are measured in length or an exponent
thereof. To convert from a usual unit system, keep lengths unchanged, multiply mass by Gc−2, time by c,
velocity by c−1, and so on (Wald, 1984, Appendix F).
A 4-vectoru has norm or magnitude
g(u,u) = gµνu
µuν = uµuµ, (6)
and is called timelike/null/spacelike if its norm is respectively negative/zero/positive. A vector is normalised
if its magnitude is ±1. For a particle with rest mass, the 4-velocity is uµ ≡ dxµdτ where τ is the proper time
of the particle as described later, and u is timelike and normalised. A photon worldline is null. A geodesic
worldline corresponds to freefall motion, and is the generalisation of a straight line in flat space.
The Einstein field equations are described by the tensors
Gµν + Λgµν =
8piG
c4
Tµν , (7)
which determine the spacetime geometry based on a given stress-energy-momentum distribution Tµν .
The covariant derivative ∇u of a vector field u is
∇αuβ = ∂u
β
∂xα
+ Γβαγu
γ , (8)
in a coordinate basis. This describes how to parallel transport or parallel propagate vectors between tangent
spaces (Hartle, 2003, §20.4).
The symmetrisation of a tensor T is its symmetric part, and is denoted by parentheses around two or more
indices, for instance T(αβ). Similarly, the antisymmetrisation is denoted by brackets around indices, such as
T[αβ]. For the rank 2 tensor Tαβ ,
T(αβ) =
1
2
(Tαβ + Tβα), T[αβ] =
1
2
(Tαβ − Tβα). (9)
A Killing vector (field) ξ satisfies Killing’s equation
∇(αξβ) ≡ 1
2
(∇αξβ +∇βξα) = 0. (10)
Then for a 4-velocity u, ξαu
α is constant along a geodesic (Schutz, 2009, p183) (Carroll, 2004, §3.8).
A photon is a quanta of light or other electromagnetic radiation, and is represented in relativity as a point
object. Redshift z is the lengthening of the wavelength λ, defined by z = δλλ , so 1 + z =
λobserved
λemitted
. It is
commonly described as originating from three causes — Doppler/kinematic, gravitational, and cosmological.
The first is due to relative motion between an emitter and receiver, the second due to a gravitational field,
and the third due to the stretching of space. In special relativity, the only possible cause of redshift is the
former, and for a relative speed V :
1 + z =
√
1 + V
1− V . (11)
For a diagonal metric, the conversion of a contravariant vector to covariant form is given by
uµ = gµνu
ν = gµµu
µ. (12)
2.2 Schwarzschild spacetime — black hole geometry
The Schwarzschild geometry describes the spacetime outside a spherically symmetric mass distribution, which
is neither electrically charged nor rotating (Griffiths & Podolsky´, 2009, §8). In Schwarzschild coordinates
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(t, r, θ, φ) the metric takes form
ds2 = −
(
1− 2M
r
)
dt2 +
(
1− 2M
r
)−1
dr2 + r2(dθ2 + sin2 θdφ2). (G = c = 1) (13)
The coordinates resemble spherical coordinates for flat spacetime, where the angular coordinates θ and φ have
the same meaning. r is a radial coordinate, although not equal to the radial “proper distance” which is greater.
t is sometimes called “far-away time”, because it is the proper time for a stationary observer at “infinite”
r. Observers stationary in these coordinates are called Schwarzschild observers. The terms “geometry” and
“spacetime” emphasise the underlying invariant structure, in contrast to the arbitrariness of a given coordinate
description.
The radial “proper distance” dR is the metric ds after setting dt = dθ = dφ = 0:
dR =
(
1− 2M
r
)−1/2
dr. (14)
A closed-form expression for R is given in Appendix B, although it is easier to work in differential form.
A black hole has all its matter contained within the sphere r = 2M ; this radius then becomes an event horizon.
A raindrop is a small particle in free fall, which initially started from rest at infinity (in the limit). These have
purely radial motion.
A spinning black hole is described by the Kerr spacetime, in the electrically neutral case. These have the
interesting feature of the ergosphere, an oblate spheroid just outside the event horizon, where all matter
cannot resist being swept around — one might describe that “space” revolves there faster than light.
2.3 FLRW spacetime — universe geometry and expanding space
The Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) spacetime models an homogeneous and isotropic universe
(Griffiths & Podolsky´, 2009, §6). With coordinates (t, χ, θ, φ), the metric is
ds2 = −dt2 +R(t)2 [dχ2 + Sk(χ)2(dθ2 + sin2θdφ2)] . (c = 1) (15)
The R(t) term is termed the scale factor, and describes the relative expansion of the universe. χ is a radial
coordinate called the comoving distance. t is called cosmic time, and is the proper time for comoving particles
as described below. Spatial homogeneity and isotropy imply constant spatial curvature, which allows only
three possible geometries (up to scaling, and with certain additional requirements) — negative/flat/positive
curvature, giving spherical/flat/hyperbolic (i.e. saddle-shaped) geometries respectively, corresponding to k =
−1, 0, or 1. χ is limited to χ ∈ [0, pi] in the k = 1 case, otherwise [0,∞). By definition,
Sk(χ) ≡

sinhχ if k = −1
χ if k = 0
sinχ if k = 1
(16)
The “proper distance” D is the distance to the origin, as determined by the above from metric with dt = dθ =
dφ = 0:
D = R(t)χ. (17)
Objects at constant (χ, θ, φ) are called comoving, because they follow the general dynamics of the expansion.
This dynamic is known as the Hubble flow, and implies the relative speed between any two comoving points
is proportional to the distance between them. This is the Hubble law v = HD, where v ≡ dDdt is like a speed.
For small redshift z this can be approximated v ≈ cz (Rindler, 2006, p374). Cosmological redshift is due to
the expansion of the universe, and is simply the ratio of the scale factors between emission and observation:
1 + z =
Robserved
Remitted
. (18)
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The Friedmann equations determine the scale factor R(t) and hence the expansion of the universe, over time.
They follow from Einstein’s field equations, and are given in one variation by:
ρ˙ = −3 a˙
a
(ρ+
p
c2
) (19)
a¨
a
= −4piG
3
(ρ+
3p
c2
) +
Λc2
3
(20)
Here ρ is density, p is pressure, and a ≡ R(t)R0 is the normalised scale factor, where R0 is the scale factor at the
present time.
Various metaphors are used to illustrate the universe and its expansion. The balloon model depicted in figure 2
is suggestive of stationary galaxies (at grid corners for instance) and an expanding space between them (grid
lines). It also illustrates the lack of a unique center. Though the strongest analogy is with a positively-curved
universe in which case the FLRW metric is exactly the form for a 3-sphere embedded in R4 — it is analogous
to all curvature cases (Hobson et al., 2006, p361, 363) (Rindler, 2006, p374). Another model is the rubber
sheet which illustrates the effect of matter on warping spacetime, by a heavy bowling ball which causes an
indentation on the sheet and diverts the path of rolling marbles.
Figure 2: Balloon model of the universe, which is expanding over time. Photons emitted at an earlier time
have a higher frequency (blue), relative to those same photons at a later time (red), as measured by Hubble
observers.
2.4 Distance measures in relativity
There various distance measures used in cosmology could be categorised into observational and theoretical
approaches. These are introduced here, and critiqued in section 6 and following.
Observational distances are used by astronomers and include luminosity distance dL = R0Sk(χ)(1 + z), angular
diameter distance dA =
R0Sk(χ)
1+z , and cosmological redshift z utilised as a distance indicator (Schutz, 2009,
p345–351) (Hobson et al., 2006, p371–374). For close objects there is parallax or proper motion distance
(Hogg, 1999). These are equivalent in the limit z  1 (Weinberg, 1972, §14.4). For Solar System objects
radar distance is the primary measure.
It is important to connect observables with theory, and the following distances are ostensibly determined by
the metric gµν .
For a diagonal metric, one can read straight off a single metric component, for the interval in that spacetime
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direction. The general definition of proper distance is: (Schutz, 2009, p147) (Carroll, 2004, p11)
∆s =
∫
P
√
gµνdxµdxν =
∫
P
√
gµν
dxµ
dλ
dxν
dλ
dλ, (21)
where P is a spacelike path parametrised by λ. For a timelike path the proper time τ is given by the same
expression with a minus:
∫ √−gµν · · ·. For a null interval this expression gives 0. These quantities depend
not just on the endpoint events but on the path chosen. Paths which change from timelike to spacelike have
no defined length (Wald, 1984, p33–34), but for a geodesic more specifically, its type cannot change (Misner
et al., 1973, p321).
Proper length is the spatial distance of an object as measured in its own frame(s). It is an invariant, at least for
a perfectly rigid object, in the following sense: though other frames will in general measure a different value
due to length-contraction, all agree that after compensating for their relative motion the result would be the
same. Note proper length contrasts with “proper distance” which allow an arbitrary interval of time.
The Landau-Lifshitz radar distance γLLij uses hypothetical light signals to determine distance (Schutz, 2009,
§9.2). Given a spacetime metric gµν , suppose an observer sits at constant spatial coordinates, and emits a
photon which reflects off an infinitesimally close object. The radar distance is defined as half the elapsed
proper time for the observer, 12dτ , since speed (c) is distance over time, interpreted here within the particle’s
frame. It follows,
γLLij = gij −
g0ig0j
g00
, (22)
where i, j = 1, 2, 3. Landau & Lifshitz (1971, §84) term it “proper distance” and “the metric of real space”,
claiming it determines “the geometric properties of the space”. They concede that only infinitesimal distances
can be measured this way since in general the metric will change over time, and there are limits to simultaneity
defined from this method.
Other distance measures include the spatial projector Pµν and proper metric γij which are defined later.
2.5 Natural and canonical
The terms natural and canonical describe a quantity or reference frame which stands out within the context
of a specific situation. For instance Schwarzschild observers and Hubble comovers are natural in the sense of
having various geometrical symmetries, even though physics can be done in any frame. They describe a choice
which is especially simple, well-suited, or otherwise stands out within a given situation. This does not deny
the principles of relativity or covariance.
Canonical quantities might be described as midway between the concepts “relative” and “invariant”. Relativistic
invariants include the number of particles, electric charge, speed of light, rest mass, proper time, proper
distance (Fayngold, 2010, §5), proper length, and proper acceleration.
The concept is imprecise; also neither the existence nor uniqueness of a natural choice should be assumed. For
instance, for a rotating black hole one can list three natural families of observers (Bini, 2014, §1). A situation
with no obvious natural choice is the location of the winch or reel for one variant of the Schwarzschild fishing
line described in section 9, thus the choice lacks a certain aesthetic quality.
Coordinate systems may be singled out by having some of the following convenient or otherwise “nice” properties.
A frame is termed adapted to a field of observers u if frame’s timelike basis vector is u, and the spacelike basis
vectors are orthogonal to it (Bini, 2014, §5). In comoving coordinates the material in question remains at
constant spatial coordinates. Synchronous coordinates have the form ds2 = −dt2 + gijdxidxj , named because
the t-coordinate measures proper time for comoving observers and is orthogonal to the space coordinates,
also the hypersurfaces of constant t locally define simultaneity for comoving observers (Misner et al., 1973,
§27.4). The existence of Killing vectors is associated with symmetries. Finally the existence of an orthogonal
hypersurface to a given flow yields a canonical measure of distance, as described in section 6.3.
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2.6 Local inertial frames and the equivalence principle
The property that curved spacetime is “locally flat” or Minkowski is expressed with mathematical precision in
locally inertial frames (LIFs) and coordinates. At a spacetime event p, locally inertial coordinates are defined
by the following properties: (Misner et al., 1973, p314) (Carroll, 2004, p73–74)
 gµν(p) = ηµν
 ∂αgµν(p) = 0.
In other words, at p the metric is in canonical form and its first derivatives vanish. Hence the Christoffel
symbols are Γαβγ = 0 at the point, however the second derivatives are ∂α∂βgµν 6= 0 in general, and since these
determine the curvature quantities the curvature has not been removed, which is a reminder the flatness is
only local (Taylor & Wheeler, 2000, p2-31 to p2-34).
The orthonormal basis vectors form a local Lorentz frame, called a tetrad or vierbien because there are four
of them. Though there is a unique tangent space at every spacetime event, one can choose the basis vectors
differently to correspond to different velocities or frames. In general, LIFs hold only at a point, not in the
neighbourhood around it. It is also possible to perform local Lorentz transformations.
More specific types of coordinate system approximate flat spacetime even more closely. Riemann normal
coordinates, known as Gaussian normal coordinates in differential geometry, are defined by geodesic segments
(Carroll, 2004, p112–113). Fermi normal coordinates or freely falling coordinates are closer still, and these
fall and rotate with the motion of particles.
A related concept is the equivalence principle which comes in several variants but essentially states:
[T]here is no experiment that can distinguish a uniform acceleration from a uniform gravitational
field. (Hartle, 2003, p113)
2.6.1 Relative speed
Local inertial frames are “unbelievably useful”, as in the following example where simply knowing an LIF
exists is sufficient for a proof, without even requiring its construction (Carroll, 2004, p75–76) (Hartle, 2003,
p154, 199–200).
Suppose a particle with 4-velocity u passes an observer with 4-velocity uobs, at the same place. Then some
local inertial frame exists in which uµobs = (1, 0, 0, 0) and u
µ = (γ, V γ, 0, 0) at the instant of passing, where V
is the ordinary relative speed between them — the magnitude of the 3-velocity — and γ is the Lorentz factor.
In this frame,
γ = −uobs · u, V =
√
1− γ−2, (23)
where the latter equation is listed for reference only and follows directly from the definition of γ. Since the
former equation is covariant (tensorial), it must hold in any frame, whether inertial or not.
2.7 Rindler coordinates — the constantly accelerated rigid rod
The Rindler chart or coordinates describe a rigidly accelerating object in Minkowski space (Rindler, 2006,
§3.8, §12.4). The neighbouring particles making up the object maintain constant distance from one another
as measured locally in their instantaneous inertial frames. The system has counterintuitive properties which
I use as a key pedagogical example of rigidity, to train the intuition for more general rigid motions.
Define a Minkowski frame (t, x, y, z), and assume all motion and acceleration is restricted to the x-direction. As
a first step, the simplest case is of a single particle. For constant proper acceleration α, its worldline satisfies
x2 − c2t2 = c
4
α2
, (24)
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Figure 3: The Rindler chart
from an inertial observer’s
frame. The “Rindler wedge” is
bounded by 0 < x < ∞, −x <
t < x, and the asymptotes t =
±x are photon paths. Each
hyperbola is the world line of
a single particle with constant
proper acceleration. For t < 0,
the rod is moving to the left,
and for t > 0 it is moving
right; while for all t it is accel-
erating to the right. Length-
contraction effects are appar-
ent in the changing length of
the rod (brown line) segments,
from t = 0 to t = 1. A
real-world rocket would appear
far to the right in the Rindler
chart than the pictured parti-
cles which have extreme accel-
erations. An acceleration of
1g is in geometric units 1X =
1g · c−2 ≈ 10−16m−1. So at
t = 0, x = X ≈ 1016m, or
about 1 light-year.
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which naturally enough is known as hyperbolic motion (Rindler, 2006, §3.7). Note proper acceleration means
the acceleration as measured in the instantaneous inertial frame of the particle, which is distinct from the
coordinate acceleration measured by the inertial observer.
This generalises to Rindler coordinates which describe a delicately synchronised host of such particles, as in
figure 3. Suppose the rigid object lies along the x-axis, and accelerates also along the x-axis. Each particle
undergoes constant proper acceleration. The y- and z-coordinates remain fixed for any given particle, and are
suppressed in spacetime diagrams. Thus the object may be conceived of as a 1D rod or a 3D block.
Introduce new coordinates X and T by which the motion may be parametrised:
t = X sinhT, x = X coshT. (25)
This uses geometric units; T is a time coordinate, and X is a spatial coordinate fixed for a given particle which
then has constant proper acceleration 1X . The y and z-coordinates are unchanged. The transformations are
X2 = x2 − t2, (26)
so when t = 0, x = X (Rindler, 2006, p71–73,76). Dividing the t and x in equation 25 yields
tanhT =
t
x
. (27)
(This is preferable to Rindler’s choice of the multiplicative inverse — cothT = xt — because T = coth
−1 (x
t
)
fails for t = 0 where xt is undefined. But T = tanh
−1 ( t
x
)
is valid for all events because x 6= 0 for all particles,
and tanh−1(0) = 0 is well-defined even when t = 0.)
Figure 4: A more intuitive picture of the Rindler sys-
tem as a 3D block. At t = 0 the connected segments
are of equal length, because the block is stationary (left
diagram). After accelerating to the right, the trailing
segments are moving the fastest and are thus the most
length-contracted as measured by the inertial observer
(right diagram). Other optical effects of high speed mo-
tion are not depicted. But from the perspective of the
block itself, the left diagram applies for all t, because
an instantaneous inertial frame for one particle is an
inertial frame for the whole block, because in this si-
multaneity convention all particles have the same speed
at any given instant.
Note the following properties. For t > 0 the rod is
continually shortening, as measured by the observer,
as it picks up speed. Hence, the trailing (more left-
wards) particles must move faster than the leading
(more rightwards) particles, in order to compensate
for the steadily increasing length-contraction. The
rod has limited extent in the negative x-direction,
because the required acceleration increases without
limit as the wedge t = ±x is approach. Thus it could
be said the rod “ends in a photon” (Rindler, 1977,
p51). This horizon has analogies with the event hori-
zon of a black hole. In the positive x-direction by
contrast, there are no limits on the rod’s length be-
cause the required accelerations diminish.
The coordinate speed of a particle is v = dxdt =
t
x , not-
ing the reversing of t and x (Rindler, 2006, p76). In
(t, x) coordinates (suppressing y and z which are
shared by all coordinate systems used here), the
4-position of a particle may also be expressed
xµ = (X sinhT,X coshT, y, z) . (28)
In (T,X) coordinates the metric is: (Rindler, 2006, p268)
ds2 = −X2dT 2 + dX2 + dy2 + dz2. (29)
2.7.1 Bell’s spaceship paradox
Bell’s spaceship paradox is conceptually similar to the Rindler system. It involves a pair of spaceships with
a string tied between them, which are initially stationary relative to an inertial observer with coordinates
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(t, x, y, z). At a given time t both rockets being accelerating in the x-direction with constant acceleration.
The question is, will the string break?
In the observer’s frame, the rockets maintain constant distance, inviting the conclusion that the string will
not break. However, due to length-contraction this constant coordinate distance is actually a stretching.
Alternatively, from the instantaneous frame of either rocket, the motion is not simultaneous, and the other
rocket recedes. Hence the string will break when it exceeds its elastic limit, as deduced by all frames of
reference.
This setup demonstrates that constant acceleration by collinear particles does not form a rigid system, which is
a complementary statement to the Rindler situation. John Bell, who popularised the scenario, interpreted it
as demonstrating that length-contraction is “real”, not just apparent. See Nata´rio, J. (2014, §5) for spacetime
diagrams for versions of the paradox where waves propagate on an elastic string.
3 Background part II — Rigid bodies and the proper metric
A rigid body is one which maintains its shape over time, so its constituent particles maintain constant distance
from one-another, at least in the strictest definition of rigidity. This is the same property (constant distance)
required of a chain of observers to interpret a redshift as gravitational. Thus the kinematics of rigid bodies
and gravitational redshift observer families are identical. These distances are measured in the proper frame.
3.1 Born-rigidity — the ideal
Rigidity is an under-developed concept within relativity, for various reasons. Most astronomical objects are
well modelled by fluid or point particles, although exceptions include neutron star crusts and bar detectors
for gravitational waves (Beig & Schmidt, 2003, §1). Rigidity has been more fully developed in continuum
mechanics than relativity (Maugin, 2013, p271, 277) (Beig, 2004, p1) (Brotas & Fernandes, 2003, §1), although
interest in the measurement process did surge since the 1990s (Bini, 2014, §9). Also the restrictive nature of
Born-rigidity, as described next, discouraged further research.
Born (1909) defined a rigid object as one with constant distance between the constituent particles, as measured
locally in the instantaneous proper-frame of either, in the context of special relativity. Though a straightfor-
ward choice of definition, Herglotz and Noether both showed in 1910 that such a body has only three degrees
of freedom — spatial translations. The motion of a single particle determines the motion of the entire body.
(There is additionally a class of allowed motions DeWitt (2011, p26–27) calls “superhelical” which have no
degrees of freedom at all (Giulini, 2010).) In classical mechanics a rigid body has six degrees of freedom,
consisting of rotations as well as translations. But in relativity, any change in rotation speed would cause
length-contraction in the angular direction of rotation, and thus is not allowed for Born-rigid motion. This is
the source of the “Ehrenfest paradox” concerning motion of a rotating disc.
Hypothetically, if one were to bump a Born-rigid object, the motion would propagate instantaneously throughout
the body in order to maintain constant distance between all particles. But this would be an impossible
contradiction with relativity because no signals may travel faster than light. Furthermore, due to the relativity
of simultaneity, this “instantaneous” propagation would be backwards in time in some frames, so the “effect”
(the motion) would precede the ”cause” (the bump) (Lyle, 2010). This would appear to be the death knell for
Born-rigidity, but the resolution to this dilemma is simply that a bumped object will not display Born-rigid
dynamics. Instead, an elastic theory will apply, for instance one in which disturbances propagate at c.
Applied correctly, Born-rigidity is indeed logically-consistent (Eriksen et al., 1982, §1). A body cannot be
intrinsically or passively Born-rigid, in the sense that pulling on one point would not result in Born-rigid
motion. Nonetheless it is entirely consistent for Born-rigidity to “emerge” from a system, for instance where a
force is applied on every particle individually as in an electric field, or with a fleet of rockets on pre-programmed
flight paths. It is “[o]nly by prearrangement” (Taylor & Wheeler, 1992, p119); or, there are no “rigid bodies”
but only “rigid motion” (Giulini, 2010, §3.3).
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It is helpful to remember that even “in pre-relativistic mechanics, rigidity was always an ideal concept, at best
a convenient approximation that no one would really have expected to be possible” (Lyle, 2010, §1.8). Rigid
coordinate systems are also useful, as Brotas (2006, p2) describes of the black hole fishing line, “[w]e cannot
use an undeformable line to angle a fish but we may use it to define a coordinate system.” In summary,
Born-rigididy is useful as:
 a base reference for elasticity, strain, etc.
 an approximation for more realistic deformations
 rigid coordinate systems
 a new distance measure, “rigidity distance”, described later.
3.2 Spatial projector tensor
The spatial projection (or projector) tensor Pαβ describes spatial distance as measured in the local proper
frame of an observer. For a given timelike vector field u corresponding to observer motion, it is defined by
P ≡ g + u⊗ u, which in covariant coordinate form is: (Carroll, 2004, Appendix F)
Pαβ = gαβ + uαuβ . (30)
The projector maps tensors into the local rest space of the motion, which is the set of vectors orthogonal to
u — a subspace of the tangent space at each event (Giulini, 2010, p36). In other words, it gives a splitting
of the tangent space (Bini, 2014, §1). The distance is the length of the geodesic striking orthogonally to the
velocity (de Felice & Clarke, 1990, §9). Note this orthogonal subspace is canonically determined for a given
flow u — see also section 6.3.
P acts on a vector v by contracting with it: (Hawking & Ellis, 1973, p79)
Pαβ v
β . (31)
P is also called the spatial metric on the orthogonal subspace (Wald, 1984, p217) (Carter & Quintana, 1972,
p61), since
Pαβv
αwβ = gαβv
αwβ for v,w ⊥ u. (32)
The projector has properties including: (Maugin, 2013, p272) (DeWitt, 2011, p23)
 related expressions for contravariant and covariant
 Pαβ = Pβα (symmetry)
 Pαβ uα = 0 (an orthogonality property)
 Pαβ P βγ = Pαγ (idempotence, meaning applying it a second time has no additional effect, that is P 2 = P )
 it can be used to raise or lower indices of purely spatial quantities.
Historically, Catta`neo was the first to give a “systematic study” according to (Massa, 1974, p556), although
Catta`neo (1958, p321) himself states the term “space norm” was already well known. The projector tensor
is a standard quantity, found in any advanced book on general relativity. However, I will often work with a
little-known adaptation called the proper metric, a Lagrangian version which follows the motion of particles,
and is described shortly.
Note P actually gives a longer distance than the metric, at least in the forthcoming situations. This is counter-
intuitive when used to thinking of length-contraction. But it follows directly that if a ruler is contracted, then
it will measure a greater length, as illustrated in figure 1. Compare Grøn (2004, §14) who illustrates the same
idea in the context of the rotating disc.
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Figure 5: Motion and the orthogonal sub-
spaces for the Rindler chart. Blue vectors
represent the velocity u. Red vectors rep-
resent the space orthogonal to the motion.
These spaces are 3-dimensional, but the y
and z-components are suppressed. Recall
4-orthogonality in Minkowski space does
not generally correspond to 90◦ angles on
a Minkowski diagram. The flow lines of
the orthogonal vectors integrate to form
radial lines from the origin of constant T ,
corresponding to the unique instantaneous
hyperplanes of simultaneity for the parti-
cles. See also section 6.3.
3.2.1 Example: Projector in the Rindler chart
The 4-velocity of particles may be determined as follows (I have done this independently of any known result).
The proper time is obtained from the metric, which is straightforward in (T,X) coordinates; from equation 29,
dτ2 ≡ −ds2 = X2dT 2, (33)
since dX = dy = dz = 0. So dτ = XdT , noting X is always positive and that the time increments must have
the same sign. (Alternatively, this may be obtained from normalisation of the 4-velocity uαuα = −1). But X
is just a constant for a given particle, so after integrating,
τ = XT, (34)
upon choosing the initial condition τ = 0 when T = 0. (So T is not a synchronous coordinate, but it turns
out to be the rapidity φ.)
Working now in the original coordinates (t, x, y, z), the 4-position is, from equation 28,
xµ = (t, x, y, z) =
(
X sinh
( τ
X
)
, X cosh
( τ
X
)
, y, z
)
. (35)
Thus the 4-velocity is
uµ =
∂xµ
∂τ
=
(
cosh
( τ
X
)
, sinh
( τ
X
)
, 0, 0
)
. (36)
Clearly uµuµ = −1 as required. The covariant form follows from equation 12:
uµ =
(
− cosh
( τ
X
)
, sinh
( τ
X
)
, 0, 0
)
. (37)
Thus
uµuν =

cosh2
(
τ
X
) − sinh ( τX ) cosh ( τX ) 0 0
− sinh ( τX ) cosh ( τX ) sinh2 ( τX ) 0 0
0 0 0 0
0 0 0 0
 (38)
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Thus, after simplifying using the identities cosh2(x)− sinh2(x) = 1 and sinh(x) cosh(x) = 12 sinh(2x),
Pµν = gµν + uµuν =

sinh2
(
τ
X
) − 12 sinh ( 2τX ) 0 0
− 12 sinh
(
2τ
X
)
cosh2
(
τ
X
)
0 0
0 0 1 0
0 0 0 1
 . (39)
This is the spatial metric for the Rindler particles; it is the background spacetime metric g as distorted by
the motion u. But the situation is much clearer in the proper metric.
3.3 Material manifold
The proper metric requires the tracking of individual particles, which is achieved by assigning a permanent
label to each particle. These form a coordinate system Xi, i = 1, 2, 3, for a 3-dimensional material manifold
or reference configurationM3, corresponding to snapshots in time. Then the material coordinates along with
the proper time of particles can be used to parametrise the motion, via x = x( ~X, τ). At times I will bundle τ
together with the Xi, defining X0 ≡ τ and using a Greek index Xµ to refer to the collection; at other times I
use just the spatial coordinates with a Latin index Xi.
Generally, in classical fluid dynamics this approach of following the motion is called Lagrangian, as opposed to
an Eulerian approach which considers a fixed spatial location.
3.3.1 Example: Material coordinates for the Rindler system
Conveniently, permanent labels for the Rindler particles are supplied already by the (T,X) coordinates, where
the labels (X, y, z) parametrise the particles. Also T = τX , so the motion is parametrised by material labels
and proper time as sought.
3.4 Proper metric
The proper metric describes the local spatial distance between moving particles, as measured in their local
proper frames. It is formed by adapting the spatial projector to the motion, a Lagrangian approach which
tracks the individual particles. It is defined by (DeWitt, 2011, §2)
γij ≡ Pµν ∂x
µ
∂Xi
∂xν
∂Xj
, (40)
where P is the spatial projector, and the Xi are material coordinates. γ is a 3× 3 tensor where i, j = 1, 2, 3.
(It could also be defined as a 4×4 tensor, but the terms γ0α vanish.) I point out — and haven’t seen this point
made in the literature — that this is simply the tensor transformation formula for Pµν under the coordinate
change xµ → Xν . In other words, it is the space norm expressed in the material X-coordinates. This is one
approach to showing γ is a tensor, because it is a coordinate transformation of the tensor P , which in turn is
a tensor because it is a sum and direct product of the tensors gµν and u
µ.
The proper metric is used like the usual spacetime metric g: two neighbouring particles ~X and ~X+d ~X perceive,
in their instantaneous rest frames, a separation we could denote dL given by
dL2 = γijdX
idXj . (41)
The tensor is described, at least for a related “inverse-motion” approach, as
A natural relativistic measure of deformation... built from the inverse motion gradient... It is the
canonical projection of Pαβ onto M3 by the motion. (Maugin, 2013, p274)
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Though the above formula is valid for any motion, the specific case of rigid motion occurs when the comoving
proper lengths remain constant, that is, (DeWitt, 2011, §2)
∂γij
∂τ
= 0. (42)
Historically, the quantity was originally due to Souriau in 1958, but see his subsequent works which are more
readily accessible. Maugin (1971, p280) discovered it independently, and calls the ∂x
µ
∂Xi terms the direct gradient
of the motion. He gives a helpful historical review within the context of continuum mechanics, and mentions
analogues in various classical elasticity and strain tensors. DeWitt (2011, §2) gives the best and most thorough
overview, and only he uses the term “proper metric”, at least amongst the authors cited here. DeWitt’s work
is recapitulated by Lyle (2010, 2014), whose own contributions are not insignificant. See also Ferrarese & Bini
(2008, p284,288).
The proper metric is surprisingly obscure given how important distance measures are in relativity. But note
the procedure of generating a new metric from g is not unfamiliar, having precedents in the spatial projector
and the Landau-Lifshitz radar metric, thus casting doubt on the all-sufficiency of g. As for its legitimacy,
see the derivation given by DeWitt, and note it works well for the Rindler and other rigid systems analysed,
also it reduces to g in the case of stationary observers in a diagonal metric. Maugin (2013, p275) argues for
the insufficiency of Pµν in some situations, because a correction term is required in order to define a certain
deformation tensor. I concur for the specific case of rigidity, which is not clear from the projector alone except
for certain highly symmetric situations, but is beautifully clear in the proper metric.
3.4.1 Example: proper metric for the Rindler chart
Figure 6: The Rindler rod as measured in
the proper frames of the particles themselves.
Here, the rod has been painted in segments
for clarity. Over time, it remains unchanged.
This shows the rod stays Born-rigid. Com-
pare figure 3.
Finally, the proper metric for the Rindler system is given as
follows, which I have done independently of any known result.
(
dxα
dXi
)
=

cosh
(
τ
X
)
sinh
(
τ
X
)− τ cosh( τX )X 0 0
sinh
(
τ
X
)
cosh
(
τ
X
)− τ sinh( τX )X 0 0
0 0 1 0
0 0 0 1
 . (43)
But then the proper metric is amazingly simple:
γij =
1 0 00 1 0
0 0 1
 (44)
This gives the proper-frame local distances over time, as mea-
sured in the material coordinates (X, y, z). Because it is inde-
pendent of τ , the system is rigid. Compare DeWitt (2011, §2.4).
Writing out the bilinear form, γijdX
idXj = dX2 + dy2 + dz2,
so in the material coordinates the proper-frame spatial distance
is simply Euclidean.
3.5 Additional rigidity measures
There are numerous other tensors and equations which may
appear to determine rigidity, which are briefly mentioned here
for completeness. The equation of continuity is (Hobson et al.,
2006, p379)
∇µTµν = 0, (45)
however conservation of stress-energy is a much looser condition
than rigidity.
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The expansion tensor describes the diverging of particle motion: (Hawking & Ellis, 1973, p82–83) (Bini, 2014,
§4) (Carter & Quintana, 1972, p64–65)
θαβ ≡ P γαP δβ∇(γuδ) =
1
2
[LuP ]αβ , (46)
where parentheses refer to symmetrisation of the indices, and L is the Lie derivative. Its trace is the expansion
scalar θ, which describes the volume change of a small sphere comoving with the fluid:
θ ≡ Pαβθαβ = Pαβuα;β = uα;α. (47)
This scalar appears in the “kinematic decomposition” of the motion and in the Raychaudhuri equation, for
u. However these quantities may need to be adapted to a Lagrangian approach of tracking the motion.
Killing’s theorem in geometry states rigid motion is described locally by
∂αuβ + ∂βuα = 0. (48)
However this only holds in special relativity (Maugin, 2013, p271), and needs to be spatially projected (Giulini,
2010, p37).
Other tensors include the rate of strain tensor (Lyle, 2010, p92–93) (DeWitt, 2011, p23), also Eαβ “a kind of
relativistic ‘Eulerian’ tensor of deformation” (Maugin, 2013, p275), and canonical decompositions such as the
Cauchy stress (Maugin, 2013, p272) and the electrogravitic or tidal tensor E.
Further brief bibliographic overviews of relativistic rigidity appear in Maugin (2013, §15), Beig & Schmidt (2003,
§1), Wernig-Pichler (2006, §1,§3), Carter & Quintana (1972, §1), and Nata´rio, J. (2014, §0).
4 Flat space analogues
In this section I point out parallels between the general relativistic FLRW model and two flat spacetime models
— the Milne model and Newtonian cosmology. For the former a coordinate transformation shows the “empty
universe” is simply Minkowski space. In the latter, the Friedmann equations are reproduced from Newtonian
gravity. In both flat spaces the expansion is normally interpreted as kinematic, not as a stretching of space.
Overall, the the results in this section are not original to myself.
4.1 Milne model — the empty universe is flat
The kinematic model is a special-relativistic cosmology which explains the expansion of the universe and hence
redshifts as due to motion rather than “stretching of space”. It was proposed by Milne in 1932, whose work
was passionately debated until consensus settled on general-relativistic cosmology (Milne, 1935) (Gale, 2014).
Though not a viable model of our universe, it remains useful as a comparison model (Rindler, 2006, §16.3)
(Davis, 2004, §4).
Define coordinates (t, r, θ, φ) for Minkowski space where the spatial part is the usual spherical coordinates. The
Milne model describes an “explosion” at the spatial origin at t = 0, from which particles expand outwards at
all possible speeds. For any given particle the speed v ≡ rt remains constant because the model assumes no
gravity, and θ and φ also remain fixed.
This model is more robust than it seems. It appears to possess a unique centre and boundary, which would
violate the cosmological principle. (The spherical boundary is made up of the null worldlines r = t, and is not
achieved by any particle.) However we can Lorentz boost to the global inertial frame of any given particle,
which would then measure these same properties of itself — of being stationary in these coordinates and at the
site of the explosion, with the boundary receding at r = t relative to it, and infinite matter in all directions.
Yet the model is not maximal, having “more spacetime than substratum” (Rindler, 2006, p361). There is an
asymmetry in causality, in that a source which is outside the boundary at a given time could have earlier
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emitted a photon towards the expanding ball, thus potentially influencing the explosion particles but not being
influenced by them before this time. Also matter near the boundary would require literally perfect fine-tuning.
The sense of isotropy and homogeneity according to proper-frame measurements is made precise by the following
coordinate transformation. Note that locally, in the instantaneous inertial frame of a given particle, the
perceived separation from its neighbours is given by the rapidity χ rather than the r-coordinate. We have
tanhχ = v = rt . For a new time coordinate, the natural choice is the proper time τ of particles, which is given
by
dt
dτ
= γ = (1− v2)−1/2 = (1− tanh2 χ)−1/2 = (sech2 χ)−1/2 = coshχ, (49)
so t = τ coshχ, taking τ = 0 when t = 0. Also
r = tv = t tanhχ = τ coshχ tanhχ = τ sinhχ, (50)
so in summary,
t = τ coshχ, r = τ sinhχ. (51)
The θ and φ coordinates remain unchanged. The existing metric is
ds2 = −dt2 + dr2 + r2dΩ2, (52)
writing dΩ2 ≡ dθ2 + sin2 θdφ2 for the metric of the usual unit 2-sphere. It follows
dr =
∂r
∂τ
dτ +
∂r
∂χ
dχ = sinhχdτ + τ coshχdχ, (53)
dt =
∂t
∂τ
dτ +
∂t
∂χ
dχ = coshχdτ + τ sinhχdχ. (54)
After substituting into the metric and simplifying using cosh2− sinh2 = 1,
ds2 = −dτ2 + τ2(dχ2 + τ2 sinh2 χdΩ2), (55)
so the synchronous comoving coordinates are an FLRW metric! The cosmic time is τ , the scale factor R(τ) = τ
is linear, and the curvature k = −1 is negative as seen from the sinh term, which is expected because this
eternally expanding universe has surplus energy above the critical density. The sparse matter density, which is
the limit ρ→ 0 or “empty universe” could model a late stage of our universe, were it not for the requirement
of cosmological constant Λ = 0 which is a fatal contradiction with current observation (Rindler, 2006, p362,
399). The Milne model also has analogues in de Sitter and anti-de Sitter space (Rindler, 2006, p401).
See Davis (2004, p63) for spacetime diagrams comparing the Minkowski and FLRW representations. The
coordinate velocities differ between the models, as do the “Hubble law”s based on them:
vMilne =
r
t
= tanhχ, HMilne =
v
r
=
1
t
, (56)
where the latter formula follows from v = HMilneD, where the distance is D = r in this case. In FLRW
coordinates,
vFLRW = HFLRWD = R˙χ =
1
χ
, HFLRW =
R˙
R
=
1
τ
, (57)
where the former follows from the latter.
In fact the Milne velocity even fits the special-relativistic Doppler shift formula
1 + z =
√
1 + vMilne
1− vMilne , (58)
however note this is not the usual Hubble flow velocity (Davis, 2004, p64–65). Chodorowski (2005) shows the
angular diameter distance is the same in both models, as is the luminosity distance.
One may wonder how the flat Milne model could transform into a hyperbolic FLRW model, when the coordinate
transformation (diffeomorphism) implies the geometries should be the same! Indeed the Milne model has flat
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spacetime. However in this FLRW model it is only the spatial slices which are hyperbolic, and this slicing is
based on the coordinate representation. In fact the spacetime of this particular FLRW model is indeed flat.
In general, an FLRW geometry has only three distinct Riemann curvature tensors — 0, − a¨a , and k+a˙
2
a2 —
at least in one coordinate system (Hartle, 2003, p547–548). In the present case k = −1 and a˙ = 1, so the
Riemann tensors are all zero in the cited coordinate system, hence they are zero in all coordinate systems,
and the spacetime is flat.
The Milne model fails observation (Davis & Lineweaver, 2004, §2.4), although it does so less badly than may
be expected:
Though not a viable alternative to the currently favored model, the Milne model has great ped-
agogical value, elucidating the kinematic aspect of the universe’s expansion. ... [For] supernovae
Ia, it remains a useful reference model when comparing predictions of various cosmological models.
(Chodorowski, 2005, §5)
In conclusion, the Milne model suggests the expansion of the empty universe might be interpreted not only as
a stretching of space, but also as a kinematic expansion with kinematic (Doppler) redshifts.
4.2 Newtonian cosmology — Friedmann equations in Newton’s gravity
Newtonian cosmology is the model of the universe as an infinite, homogeneous, and isotropic matter distri-
bution filling all of R3, under Newtonian gravity. Curiously, its expansion dynamics turn out to be identical
to the FLRW model, which are described by the scale factor R(t) in the Friedmann equations. Hence there
is nothing specifically general-relativistic about the rate of expansion, which may raise questions about the
usual interpretation of R(t) as expanding space rather than motion through space. (Disclaimer: though equal
on this point, on many other aspects — and overall — general relativity is observationally superior).
4.2.1 Friedmann equations
It is common practice in teaching relativity to either derive the Friedmann equations from Newtonian gravity
as a heuristic proof, or alternatively to take the Friedmann equations and reverse-engineer a Newtonian
interpretation. The latter starts with the general-relativistic Friedmann equation,
a˙2 − 8piρ
3
a2 = −k. (59)
These terms are suggestive of Newtonian kinetic energy, potential energy, and conserved total energy respec-
tively (Hartle, 2003, §18.4, §18.7) (Misner et al., 1973, p706–708). Misner also et al recommend Bondi’s 1961
book.
The former approach traditionally takes a finite sphere of matter — a subset of the infinite universe — and
applies Newton’s laws. This yields the same result, but with −2Em in place of k Tipler (1996a). The other
Friedmann equation may be derived from the conservation equation.
Not only are they formally identical, the symbols in the two equations refer to exactly the same
quantities. (Tipler, 1996b, §IV)
Thus the rate of expansion is identical to a model where the fabric of space by definition or convention cannot
expand. (As another disclaimer, other examples suggest the opposite.)
Historically, this Newtonian parallel was first derived by Milne (1934) and McCrea & Milne (1934), following
a brief offhand mention by Lemaˆıtre. Friedmann’s results for the FLRW model were from 1922. Newtonian
cosmology in its static form began at least a few centuries earlier, with Isaac Newton. After formulating his
law of gravity, Newton was challenged that the material would all collapse inwards under the attraction, so
Newton posited an infinite matter extent with forces balanced in all directions. However this model contained
a logical flaw for centuries.
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4.2.2 History and the longstanding flaw
Simply, the logical inconsistency is that the force integral on any given particle in the Newtonian universe
~F =
∫∫∫
~F ′dxdydz (60)
is divergent. It is tempting to argue from symmetry that the forces will cancel and leave zero net force, and
many physicists have seemed content with this approach, including Newton himself. However one may just
as “logically” derive a net force in any given direction and of any given magnitude, as shown qualitatively by
Norton (2002). Quantitatively, suppose that for a particle at ~r1 a given net force per mass
~F
m or acceleration
~a is sought. Then the ball of matter centred at ~r2 = ~r1 +
3
4piGρ~a with radius |~r2 − ~r1| would exert the desired
force, were there no other matter. But then one can use Newton’s shell theorem to “remove” all remaining
matter by considering concentric shells outside this ball. Every shell contains ~r1, hence exerts no force on it.
Thus, the total force is
~F
m as required. It is also possible to obtain an infinite net force in a given direction,
by considering opposing hemispherical shells centred on the given point. If the shells have constant thickness,
then each contributes an identical force, since their area and volume increase as r2 for distance r from the
point, but the gravitational attraction decreases as 1r2 . Then match consecutive shells on one side with every
second shell on the other. Under this summation order, every pair of shells cancels, but remaining is an infinite
number of shells — and hence infinite force — on one side.
There is no flaw with the shell theorem. The problem is the integral is divergent. The situation is comparable
to Grandi’s series 1 − 1 + 1 − 1 + 1 − 1 + · · · , which also does not converge. Invoking the shell theorem for
the Newtonian universe is akin to invoking the result 1 − 1 = 0 for Grandi’s series to claim it sums to zero.
There is no problem with the result 1 − 1 = 0, rather the sum is divergent. Mainstream mathematics today
simply asserts such series or integrals are divergent and have no sum. For philosophical and logical reasons it
is better to conclude there is no result, rather than saying there are many results. Logical inconsistencies lead
to ex contradictione quodlibet or “from contradiction, anything follows” (Vickers, 2009). Hence if one asserts
that the net force is both zero and nonzero for instance, then any statement at all would follow logically from
such a contradiction — for instance that planet orbits trace the outline of the Australian coast!
What Norton presents as an argument for inconsistency is better understood as just a vivid demon-
stration of non-convergence... Rather than asserting that Newtonian theory makes inconsistent
determinations of gravitational force... Norton should have asserted that it makes no determination
at all. (Malament, 1995)
Historically, Hugo von Seeliger popularised awareness of the inconsistency in a rigorous 1895 article and others,
demonstrating the problem of divergent forces. (A related issue involves removing a spherical cavity from an
infinite mass.) (Rindler, 2006, p348) But many physicists have not perceived a problem, including Newton a
full two centuries earlier, who responded in 1692 to questions with a symmetry argument. In contrast, Einstein
overemphasised the issue in motivating his new theory of general relativity (Norton, 1999). With the advent
of Milne and McCrea’s dynamical version, new criticism arose from Layzer (1954) and others; see references
4 to 11 in Tipler (1996b).
4.2.3 The resolution
The resolution to the centuries-long logical inconsistency is to recast Newtonian gravity in a different form —
either as Poisson’s law, or on a 4-manifold4 as explained shortly. This strengthens the comparison with the
FLRW model. But this procedure does come with a philosophical consequence: acceleration becomes relative.
Poisson’s equation is:
∇2φ = 4piGρ, (61)
then the force per unit mass on a particle is F = −∇φ, where φ is the potential. After applying a suitable
additional constraint such as isotropy, a somewhat-unique “canonical solution” results. For any given “centre”
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point ~r0, we get φ(~r) =
2
3piGρ |~r − ~r0|2 plus a constant. This is homogeneous in the sense that there is no
observational significance of the choice of centre, which is a sort of “gauge freedom”.
This leads to a “relativity of acceleration”, which is new within Newtonian theory (Norton, 1995). The accel-
eration between any two masses in free-fall is independent of the centre point:
~a = −4
3
piGρ(~r2 − ~r1). (62)
The third formulation of Newtonian gravity is on a 4-manifold, called Newton-Cartan gravity and originally
developed by E´lie Cartan in 1922 for torsion, although that debate is not relevant here (Hehl et al., 1976,
§I-D, p395). This theory is equivalent to Poisson’s formulation, at least in the sense of giving identical results.
Historically, Newtonian cosmology was first put on solid logical footing by Heckmann & Schu¨cking (1955),
according to Rindler (1977, p223), although both the problem and its resolution appear to have been rediscov-
ered multiple times. Norton triggered another round of discussion with a paper originally published in 1992
Norton (2002) outlining the logical flaw. Malament (1995) replied with a thorough analysis of the resolutions,
investigating the gravitational models. Independently of this discussion, Tipler (1996a,b) provided a resolution
with a cosmological focus.
One may ask whether it is justified to extend Newtonian gravity in this way, and after all the theory was not
handed down in one lump-sum historical package Vickers (2009). But for Newtonian gravity, there is complete
equivalence between the traditional force law integral formulation and the differential formulations on their
shared domain of applicability. Further, the extension is “relatively simple and straight forward” (Malament,
1995, §5).
It is surprising that both the dynamic model and the resolution to the inconsistency were not discovered for
centuries (Rindler, 2006, p199)! Possible reasons for this, which apply at various times in history, include the
assumption of a static universe, a lack of emphasis on cosmology, and a lack of mathematical tools such as
rigorous description of convergence (Vickers, 2009, §4).
4.2.4 Conclusions
Newtonian cosmology is indeed a logically self-consistent model. The equations describing the expansion are
identical to the FLRW Friedmann equations. This expansion is described as motion through space in the
Newtonian case.
There are ways in which Newtonian cosmology is actually more general — the constant options are not just
fixed to −1 (Misner et al., 1973, p708), it can be done on any geometry (Tipler, 1996a, §3), and it allows
torsion. However general relativity is clearly the superior model in terms of observational evidence, as seen in
local inhomogeneous patches such as Schwarzschild spacetime with its light deflection and delay. The value
of Newtonian cosmology in this case is as a comparison model — specifically, to test assumptions and the
interpretation of expanding space.
4.3 Conclusions to flat spacetime parallels
The FLRW model has stronger parallels with the flat spacetime models of the Milne empty universe and
Newtonian gravity, than one might expect. These models explain the expansion by motion, and redshift by
the Doppler effect.
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5 Doppler and gravitational redshift interpretations — introduc-
tion
It is common to list three types of redshifts: Doppler, gravitational, and cosmological. More specific types may
be categorised under these, for instance the Sunyaev-Zel’dovich effect is a blueshift from cosmic microwave
background (CMB) photons colliding with energetic electrons. Hence it can be classified as a Doppler shift.
Cosmological redshift is due to the expansion of universe (Misner et al., 1973, §29.2), but the stretching of
space does not represent any new physical law. Observationally, no difference is detectable between the various
interpretations, meaning there is “cause” imprinted on the photon.
A commonplace assertion is that the cosmological redshift is not a Doppler shift, for instance the redshift does
not match the special-relativistic Doppler shift formula using the Hubble law velocity v = HD. As another
instance, de Felice & Clarke (1990, p386) state the local approximation of redshift as a Doppler effect with
v = cz is “sometimes convenient, although rather fictitious”.
However various authors argue cosmological redshift can be interpreted as a series of infinitesimal Doppler
shifts (Padmanabhan, 1996, §6.2a) (Rindler, 2006) (Bunn & Hogg, 2009, §2) (Davis, 2004, A-1.5). Consider
an object an infinitesimal coordinate dχ from an observer, both moving with the Hubble flow. The proper
distance between them is dD = Rdχ, and relative velocity dv = HdD. A photon will take cosmic time
dt = dDc to traverse the distance. Rearranging, dv =
R˙
R
dt
c = c
dR
R . Since an LIF exists, use the special-
relativistic Doppler formula, dz = dvc . Then dz =
dλ
λ =
dR
R . Finally, upon integrating, the wavelength is
λ ∝ a. So the cosmological redshift is entirely made up of local Doppler shifts (Davis, 2004). Bunn & Hogg
(2009, §3) go further, to argue this is not just local infinitesimal Doppler shifts, but an overall Doppler shift
also, and that this interpretation is the most natural.
An approach with the same conclusion is to parallel-transport the 4-velocity of the emitting galaxy to the
observer’s location. On a curved manifold there is no absolute comparison of vectors. But if done over
a hypersurface of constant cosmic time, the resulting formula fits the special-relativistic Doppler formula!
Though a purist might argue this cannot be done unambiguously, this is a “natural” choice (Bunn & Hogg,
2009, §3) (Chodorowski, 2011, §2). I suggest another natural choice would be to parallel propagate along
the null worldline of the photon’s path. Then the parallel transport of the galaxy 4-velocity u satisfies the
following differential equations. Parametrise the path by cosmic time t. Then
du0
dt
= −Γ011
dx1
dt
u1 = −RR˙χ˙u1 (63)
du1
dt
= −Γ101
dx0
dt
u1 − Γ110
dx1
dt
u0 = − R˙
R
(u1 − χ˙u0). (64)
This is more complicated than transporting over a surface of constant t, because of an extra term. Other
possible equations for the system are the Friedmann equations, and normalisation uµuµ = −1. I have not
analysed these further.
Another example is the Pound-Rebka experiment, which determined the gravitational redshift of photons trav-
elling outwards in Earth’s gravitational field. It demonstrated not only the existence of gravitational redshift,
but also the equivalence between Doppler and gravitational shifts. However from another perspective, that of
a freely falling frame initially stationary and released when the photon is emitted, there is no observed redshift
(Schutz, 2009, p115)! This demonstrates a certain flexibility of interpretation. Still, the Schwarzschild ob-
server frames are the most natural, as discussed in section 6.4, and so the standard interpretation of a purely
gravitational redshift interpretation is the most natural.
However the approach investigated for the rest of this document is to push the interpretation of redshifts using
the equivalence principle. This idea is from Bunn & Hogg (2009), whose paper suggests intriguing creative
possibilities but provides almost no detail. Their idea is to set up a chain of observers along the spatial path
of a photon in some curved spacetime. If each observer is in free fall at the instant the photon passes, then
they would naturally interpret any redshift as purely Doppler in origin, because the lack of acceleration feels
equivalent to a lack of gravitational field. On the other hand, if each observer remains at constant distance
from their neighbour at the instant the photon passes, they would naturally interpret any redshift as purely
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Figure 7: Adjusting the end-
points. An emitter (solid ar-
row, left) sends out a photon
(pink wave) which is later inter-
cepted or measured by a receiver
(solid arrow, right). To simplify
the situation, find new endpoint
observers (dotted arrows) lined
up with the photon, moving at
the appropriate speed such that
they detect the same redshift as
the original emitter and receiver.
This simplifies the task of deter-
mining rigid motions, while not
“cheating” in any way.
gravitational in origin, because the zero relative velocity would seem to imply no Doppler shift.
The two interpretations arise from different choices of coordinates, or equivalently from imagining
different families of observers along the photons path. (Bunn & Hogg, 2009)
The start and end of the chain should coincide with the emitter and receiver of the photon, matching place,
time, and velocity (Bunn & Hogg, 2009). I relax this requirement slightly by adjusting the endpoints so the
end observer velocities are in the same spatial direction as the photon, but still measure the same redshift, as
in figure 7.
5.1 Doppler interpretation
To construct the Doppler family of observers, we require all observers to be in free fall. In this
case, within each local inertial frame, there are no gravitational effects, and hence the infinitesimal
frequency shift from each observer to the next is a Doppler shift. (Bunn & Hogg, 2009, §4)
This is a straightforward process for typically used coordinate systems, and thus I move on to tackle the difficult
problem of gravitational interpretation.
5.2 Gravitational redshift interpretation
To construct the gravitational family of observers, we require that each member be at rest relative
to her neighbor at the moment the photon passes by, so that there are no Doppler shifts. Initially,
it might seem impossible in general to satisfy this condition simultaneously with the condition that
the first and last observers be at rest relative to the emitter and absorber, but it is always possible
to do so. One way to see that it is possible is to draw a small world tube around the photon path
as [earlier]. (Bunn & Hogg, 2009, §4)
Earlier, they state the spacetime near a geodesic is approximately Minkowski spacetime. They propose
constructing Rindler coordinates within this tube.
Because they are not in free fall, the members of the gravitational family all feel like they are in
local gravitational fields. Because each has zero velocity relative to her neighbor when the photon
goes by, each observer interprets the shift in the photons frequency relative to her neighbor as a
gravitational shift.(Bunn & Hogg, 2009, §4)
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They admit this setup is highly contrived, but their point is that redshift interpretation is flexible.
Rindler (2006, §12.4) also draws a comparison between accelerated coordinates and gravity. By the equivalence
principle, the rigid accelerated rod is like a skyscraper in a gravitational field, as both experience acceleration.
One limitation is the “gravitational field” due to acceleration cannot be constant. The metric can be expressed
in a form roughly resembling the Schwarzschild metric.
Finding a gravitational family is closely related to finding rigid body motion in curved spacetimes. But this
is not at all straightforward. I first develop a comprehensive foundation for rigidity, which requires constant
proper-frame distances, so first step is a thorough critique of distance in relativity.
This construction require only a 1-dimensional object, which can be visualised as a trail of observers in
independently-accelerating rocket ships, or a a coordinate system, using various terminology including “rod”,
“rope”, “line”, or “chain”. A 1-dimensional rigid object will exist in most scenarios, as for the 2-dimensional
boundaries implemented by Mann and coauthors (Epp et al., 2009), however 3-dimensional rigid kinematics
are trypically far more limited for a given object and spacetime.
6 Distances and rulers in relativity — a critique
How does one measure distance in general relativity? Specifically, the interpretation of redshifts as gravita-
tional requires the notion of constant distance, as measured in the proper frame of observers. This seemingly
simple requirement was a difficult part of the research. The technical machinery required is mostly well known
to experts — for instance tetrad frames and the spatial projector, although not the proper metric. But I know
of no comprehensive and accessible overview, and thus work towards providing one. (I do ignore quantum con-
siderations, and measurement limits experienced by accelerated observers (Mashhoon & Muench, 2002)). This
section is a general discussion, followed by section 7 which describes length-contraction in curved spacetimes.
On the latter, I did not find an accessible account in any textbook or other source. This section critically
overviews various distance measures, and follows on from the introduction in section 2.4.
6.1 Distance depends on the time slice
When consulting a textbook on distance in the Schwarzschild and FLRW spacetimes, one finds overwhelming
emphasis on a specific radial distance — the “proper distance” — and rightly so, as I affirm in section 6.4.
But the reader could be forgiven for interpreting this as the only radial distance, as having some invariant or
absolute quality measured by all observers. For instance one undergraduate general relativity course termed
dR the “physical spatial distance” and “a proper length”. Rindler (2006, p230) calls it “radial ruler distance”,
and another book describes it as “physically measurable distances”, “physical distance”, and “actual radial
distance” (Moore, 2012, p106–107). But from special relativity, distances are relative and length-contraction
occurs between relatively moving frames. Intuitively, one might expect that for an approximately Minkowski
spacetime, for instance Schwarzschild spacetime at large r, that the familiar special-relativistic properties
would approximately hold. So why not in all curved spacetimes?
It is also well known that distance measurements depend on the simultaneity convention chosen, which is defined
by the choice of time slice. (This was seen earlier for the proper distance — in the general definition — which
depends on the traversal through time as well as space). The radial “proper distance” in Schwarzschild and
FLRW spacetimes corresponds to a slicing by t (respectively far-away time and cosmic time). But why single
out these particular coordinates?
For instance Schwarzschild spacetime has a particularly rich variation of (commonly used) coordinates. In the
usual choice for distance, Schwarzschild coordinates, setting dt = dθ = dφ = 0 yields radial distance by
stationary observers:
dsradial,stationary =
(
1− 2M
r
)−1/2
dr, (65)
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as mentioned. Another choice is Gullstrand-Painleve´ coordinates, which are adapted to raindrops:
ds2 = −
(
1− 2M
r
)
dt2r + 2
√
2M
r
dtrdr + dr
2 + r2dΩ2. (66)
Setting the coordinate time interval dtr = 0, we have
dsradial,raindrop = dr (67)
This is ironic since sources go to pains to emphasise — and rightly so — that the Schwarzschild r-coordinate
is not the radial distance, and yet raindrops are the exception! (Indeed, one paper interprets distance based
on the proper time of falling clocks, achieving the same result. This has the added bonus of remaining valid
for r ≤ 2M (Gautreau & Hoffmann, 1978).)
Another choice is the (ingoing) Eddington-Finkelstein coordinates, which are adapted to radial photons. Here
ds2 = −
(
1− 2M
r
)
dv2 + 2dvdr + r2dΩ2. (68)
Setting the timelike coordinate dv = 0, we obtain
dsradial,photon = 0 (69)
I generalise this procedure in section 7. This quantity is clearly invariant, in the sense that it is defined from
the metric for a given path — and the metric and path can be transformed into other coordinates. But it is
not “invariant” in the sense of the method of construction — specifically, simply setting dt = 0 for the time
coordinate in every coordinate system yields only a coordinate-dependent quantity. Thus we should naturally
ask why the Schwarzschild coordinates in particular are chosen.
In particular, this is only the ruler distance measured by Schwarzschild observers and Hubble flow comovers
respectively, as seen later. Other motions perceive different distances. In the FLRW case, some authors
expressly state the comoving requirement, for instance Misner et al. (1973, §29.3), Rindler (1977, p218),
Davis (2004, p35), and Schmidt (1996, §4). It may be implicit in Weinberg (1972, p415) who describes
“typical galaxies” or Rindler (2006, p367) who mentions ”galaxies”, as “galaxy” is often a rubric for a Hubble
comoving object. But lacking is a clear statement of the converse: other radial motions do not measure this
distance. This is hinted at in the common statement that non-comoving observers do not perceive an isotropic
universe, but it is not clear. One might argue that in the FLRW case, motions are generally close to comoving,
so this is the primary frame and distance measure. Though true, there are exceptions, but either way the
conceptual understanding is important.
6.2 Rulers vs photons
The early relativists used rulers as conceptual measuring devices. Later, they came to prefer light signals, for
reasons one textbook articulates:
Since meter sticks do not really make sense in general relativity and are not used in actual astronom-
ical measurements, one regards a radar set as the basic distance measuring device. ... [I]n general
there is no rigid reference frame defined in any neighborhood of a spacetime point... [This i]s one
reason why a “rigid meter stick” is not a very useful concept in general relativity. (Sachs & Wu,
1977, p135, 59)
Einstein later critiqued his early “sin” of rulers and clocks as foundational:
But one must not legalize the mentioned sin so far as to imagine that intervals are physical entities of
a special type, intrinsically different from other physical variables (“reducing physics to geometry”,
etc.). Einstein, as cited in Brown (2018, §3.1, §4)
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Pauli emphasised ruler measurement is only a secondary effect because its component particles are Lorentz
covariant (Brown, 2018, §3.2).
One challenge is the impossibility of an intrinsically Born-rigid ruler, however a resilient ruler which restores its
shape after moderate deformation is quite plausible (Rindler, 1977, §2.5). Another objection is the unknown
atomic behaviour of a ruler or other object at the microscopic level, where both quantum and relativistic
effects are significant. (See the classic article by John Bell showing length-contraction of a slowly accelerating
“classical” atom, made up of an electron orbiting a nucleus under electric attraction (Bell, 1976).) Another
possible objection is that it is only everyday experience which seeks a 3 + 1 splitting of space and time (Bini,
2014, §1).
Since there are doubts about rulers, the “ruler hypothesis” is a nontrivial assumption. It states that rulers do
in fact achieve their purpose, in other words that physical rigid objects do actually measure distance (Lyle,
2010). As seen above, this is not a trivial assumption. I concur that light is an especially good measuring
tool, but nonetheless I attempt to show rulers are a useful measure after all. In particular, the concept of
length for extended objects is essential:
without the existence of some rigid standard of length the constancy of the speed of light would
become a mere convention. (Rindler, 1977, §2.5)
Some question if rigidity is even important, or if a consistent notion even exists. But then what would people
mean when they say the Sun has a specific diameter ≈ 1.4 × 106km? One might argue this context is close
to flat spacetime. But the case of neutron stars, said to have a diameter ≈ 12km, is highly relativistic.
What of “bar detectors” for gravitational waves, which work (hypothetically, since gravitational waves have
not yet been detected) precisely because of the discrepancy between their reasonably rigid proper length and
the fluctuating spacetime caused by a passing wave? These have been replaced by “laser interferometers”
for engineering reasons, not theoretical distance issues (Schutz, 2009, p209–210,220–227). Similarly the SI
definition of the metre is no longer a rigid bar in Paris, but based on light travel time, but again this change
is for pragmatic and not distance-theoretic reasons.
6.3 Hypersurface orthogonal — a canonical slicing for distances
??
Figure 8: Top: A timelike vector field admitting a sur-
face everywhere orthogonal to the field, and thus a natu-
ral measure of spatial distance. Bottom: A messy vector
field which seems not to admit an orthogonal surface.
Distance is relative. But in the spacetimes consid-
ered in practice there is often a canonical choice of
time slicing. This is the set of hypersurfaces orthog-
onal at every point to the worldline of particles, if
such surfaces exist. Such orthogonal hypersurfaces
yield a natural distance measure (Bini, 2014, §1).
As the following authors explain:
...[G]enerally speaking, there is no distin-
guished family of sections (hypersurfaces)
across the bundle of flow lines that would
represent ‘the body in space’, i.e. mutu-
ally simultaneous locations of the body’s
points. Distinguished cases are those ex-
ceptional ones in which u is hypersur-
face orthogonal. Then the intersection of
u’s flow lines with the orthogonal hyper-
surfaces consist of mutually Einstein syn-
chronous locations of the points of the
body. (Giulini, 2010, p37)
If there is matter with a uniquely defined
hypersurface-orthogonal time-like velocity
- 25 -
vector... then the physical definition (spa-
tial distance between events... measured
by the length of the connecting geodesic segment... most closely reflects the idealized measuring
method by use of rods being at rest with respect to the existing matter. (Schmidt, 1996, §5)
From Frobenius’ theorem, u is hypersurface orthogonal if and only if (Wald, 1984, §B.3) (Carroll, 2004, p462)
u[α∇βuγ] = 0. (70)
This holds if and only if (Wald, 1984, p217)
ωαβ ≡ ∇[βuα] = 0, (71)
where ω is the rotation, an antisymmetric tensor. In the specific context of R3 for comparison, a fluid dynamics
result is that orthogonal surfaces exist if the helicity of the flow vanishes:
~u · ∇ × ~u = 0, (72)
which is clearly implied by the vanishing of vorticity ∇× ~u = 0, which holds for a conservative vector field.
For example, Rindler observers are vorticity/rotation free, and hence an orthogonal hypersurface exists. These
are the surfaces of constant T , which appear as radial lines from the origin in the Rindler chart. See figure 5.
6.4 Natural and/or canonical — a defense of tradition
“Everything should be made as simple as possible, but not simpler.” — Einstein, apocryphal
Earlier I critiqued the “proper distance” as not the only radial distance measures in Schwarzschild and FLRW
spacetimes. In this section, I defend it as the best choice of distance measure because the relevant coordinates
satisfy numerous canonical/natural and other nice properties, as introduced in section 2.5.
For the Schwarzschild spacetime,
There is just one natural slicing and it turns out to give us spaces whose geometric properties remain
constant with time... That is, natural in the sense that the slicing satisfies the technical condition of
orthogonality with the world lines of the [central mass] and the field’s natural rest states. (Norton,
2014, §2)
Stationary observers measure a constant metric over time, which is related to the timelike Killing vector. Then
the orthogonal hypersurfaces to these provide a natural distance measure. The coordinate time corresponds
to the proper time for an observer “at infinity”. Also, note as a curiosity that in the Schwarzschild coordinates
many of the traditional Newtonian gravity results also apply, such as Kepler’s law.
For the FLRW spacetime, the Hubble flow comovers stand out as a “privileged Lorentz frame in which the
universe appears isotropic” (Weinberg, 1972, §14.1). The comovers are free of shear and vorticity. Orthogonal
to these worldlines are the homogeneous and isotropic spacelike slices, a “natural choice” (Griffiths & Podolsky´,
2009, p67–70) (Misner et al., 1973, p780). These space slices are “three-dimensional maximally symmetric
subspaces t = const”, corresponding to 6 Killing vectors which is the maximum possible in 3 dimensions (de
Felice & Clarke, 1990, p374–375) (Weinberg, 1972, §14.1). The coordinates are comoving and synchronous for
these observers, and t and χ are Gaussian normal coordinates (Weinberg, 1972, §14.2).
Griffiths & Podolsky´ (2009, p69) describe:
[There are] privileged observers for whom the space appears to be isotropic... However, [for others]
such an anisotropy would be considered to be due to the motion of the observers in an isotropic
background and this could be evaluated.
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In other words, from any given frame, the Hubble frame is singled out. This is a good description of “natural”.
To the lay person’s dictum “Everything is relative”, it could be added “...but a few things are invariant, and a
few other things are natural or canonical.”
6.5 Conclusions
The Schwarzschild and FLRW “proper distance” is only the “radial ruler distance” for observers with motion
dr
dt = 0 or
dχ
dt = 0 in the respective spacetimes. The claim it is “actual radial distance” sounds dubious in a
relativistic setting; I do not say this claim is wrong, because this is indeed the most natural choice, however it
is misleading without a supplementary statement that this is not the proper-frame distance for most observers.
Generally speaking, contra Schutz (2009, p171), it seems rods and clocks do not measure the metric.
In summary,
 The Schwarzschild and FLRW “proper distance” is the proper-frame distance measured by comovers
 This is not the proper-frame distance measured by other motions, in general
 There are geometric reasons for preferring or singling out the above coordinate systems.
7 Length-contraction in general relativity
The interpretation of redshifts as gravitational requires the measurement of constant proper-frame distance,
which in turn requires analysis of length-contraction in curved spacetimes. I demonstrate how to Lorentz boost
in the Schwarzschild and FLRW geometries, drawing on and generalising a very helpful example from Taylor
& Wheeler (2000). This leads to length-contraction by a factor γ in local inertial coordinates. The spatial
projector provides a complementary result, yielding an increase by a factor γ. This is simply the familiar
mutually-perceived length-contraction from special relativity, interpreted in a different light, as in figure 1.
This section is original material, or at least done independently. Though I assume others would have done these
calculations, I am not aware of any sources.
7.1 Lorentz boost — Schwarzschild spacetime
This section follows the construction of Taylor & Wheeler (2000) who effectively perform a Lorentz boost
from Schwarzschild coordinates to the Gullstrand-Painleve´ raindrop coordinates. I generalise this procedure
to arbitrary radial motions, add technical justifications based on local inertial frames, and later extend to
FLRW spacetime.
The usual Schwarzschild coordinates, which are adapted to stationary observers, do not give rise to local
inertial frames because the metric does not have the form diag(−1, 1, 1, 1). But a coordinate transformation,
a rescaling, to “shell coordinates” does yield this form: (Taylor & Wheeler, 2000, p2-22, 2-23)
dtshell ≡
(
1− 2M
r
)1/2
dt, drshell ≡
(
1− 2M
r
)−1/2
dr. (73)
These describe the proper time and radial distance measured by a given Schwarzschild observer. The name
refers to these stationary observers, as if they were standing on a spherical shell at some fixed r such as the
surface of the Earth. Note drshell is equivalent to the dR notation used elsewhere. Under this transformation
the metric becomes (Taylor & Wheeler, 2000, p2-33):
ds2 = −dt2shell + dr2shell + r2dΩ2. (74)
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Locally, this is simply flat space! (Perhaps technically the angular coordinates should also be rescaled for the
calculation, but as there is no motion in these directions they are unaffected by the Lorentz boost and length-
contraction.) Of course a Schwarzschild observer is not freely falling, however over short-enough timescales
gravity is negligible and the frame is inertial, as assumed for nuclear physics experiments on Earth for example.
This is achieved by working with differentials like “infinitesimal” time dt (Taylor & Wheeler, 2000, p2-33, 2-
34). After rescaling dθ and dφ also, the metric has form diag(−1, 1, . . .) for all r > 2M . This holds not just
at a point but for all r > 2M , hence the first partial derivatives of the metric vanish. These are not only local
inertial frames, but have the especially convenient property of a coordinate basis giving rise to them (Carroll,
2004, p485–486).
It is valid to perform local Lorentz boosts in these local inertial coordinates. Suppose the boost in the radial
direction is by speed V (t, r) and Lorentz factor γ(V ), where V has the same sign as ∆r — positive for outward
motion, and negative for inward motion. Then the new boosted time coordinate T follows from equation 3,
as demonstrated in Taylor & Wheeler (2000, pB-13):
dT = −V γdrshell + γdtshell (75)
= −V γ
(
1− 2M
r
)−1/2
dr + γ
(
1− 2M
r
)1/2
dt, (76)
switching back to Schwarzschild coordinates after the boost. Solving for dt,
dt =
1
γ
(
1− 2M
r
)−1/2
dT + V
(
1− 2M
r
)−1
dr. (77)
Taylor & Wheeler (2000, pB-13) go on to substitute the raindrop frame values of V and γ, then plug dt into the
Schwarzschild coordinates, thus deriving the Gullstrand-Painleve´ coordinates . Instead, I preserve generality
by keeping V arbitrary, and substitute the above expression into the Schwarzschild coordinate metric:
ds2 = −
(
1− 2M
r
)(
1
γ
(
1− 2M
r
)−1/2
dT + V
(
1− 2M
r
)−1
dr
)2
+
(
1− 2M
r
)−1
dr2 + r2dΩ2 (78)
= − 1
γ2
dT 2 − V 2
(
1− 2M
r
)−1
dr2 − 2V
γ
(
1− 2M
r
)−1/2
dTdr +
(
1− 2M
r
)−1
dr2 + r2dΩ2 (79)
= − 1
γ2
dT 2 − 2V
γ
(
1− 2M
r
)−1/2
dTdr +
1
γ2
(
1− 2M
r
)−1
dr2 + r2dΩ2, (80)
after expanding and collecting terms, then using 1 − V 2 = γ−2. (As a check, for V = 0, γ = 1 and so
ds2 = −dT 2 + (1− 2Mr )−1 dr2 + r2dΩ2, which is equivalent to the usual Schwarzschild metric since for V = 0,
dT 2 = dt2shell =
(
1− 2Mr
)
dt2.)
These coordinates (T, r, θ, φ) describe the same Schwarzschild geometry, but are adapted to the motion V . Thus
the hypersurfaces of constant T describe the space part adapted to the motion. Under dT = dθ = dφ = 0 the
metric becomes:
dsradial = γ
−1
(
1− 2M
r
)−1/2
dr, (81)
after taking the square root. In terms of dR,
dsradial = γ
−1dR. (82)
This is precisely the familiar length-contraction formula from special relativity! The justification of expressing
this in terms of dR (= drshell) rather than dr is the former is an inertial coordinate.
The length-contraction formula only holds locally, so integration is required to compute a macroscopic quantity.
But this is not unfamiliar, as in special relativity an object will not always lie in one global inertial frame, as
for the Rindler system in all frames but one (at any given instant).
One must not forget distances are relative, and here the comparison is between a Schwarzschild observer and an
observer moving at speed V relative to them, where both occur at the same place and time. The formula states
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that the “moving” (non-stationary) observer measures the Schwarzschild observer to be length-contracted by
a factor γ.
Since γ ≥ 1, the maximum value of dsradial is dR when V = 0, but this is simply the familiar observation from
special relativity that the maximum length of an object — it’s “proper length” — is the length measured
in its own frame. This demonstrates that only Schwarzschild observers measure the so-called radial “proper
distance” dR — actually any motion with drdt = 0 — and other observers do not.
There are others who have performed a Lorentz boost on tetrads, including Hamilton & Lisle (2008) who cite
Taylor and Wheeler, and Bini (2014, §6). But overall, information seems scant.
7.2 Spatial projector — length-contraction in reverse — Schwarzschild space-
time
The spatial projection tensor describes the distance measured by rulers in the local proper frame of an observer.
It depends on both the background spacetime metric g and the 4-velocity u of the motion. This actually yields
a greater distance than dR, which I interpret as due to measuring using length-contracted rulers. This time,
the relative motion is considered from the frame of the Schwarzschild observers. These measure the “moving”
observer to be length-contracted, thus its rulers are also contracted, and so it would measure an increased
distance (see figure 1). In other words, from the local frame of a stationary observer, the “moving” observer
would measure a greater length for the stationary observer.
Consider an observer moving radially with speed V (r, t) relative to the local Schwarzschild observer, as before.
The calculation requires the 4-velocity of the motion, which is determined in Schwarzschild coordinates as
follows. Let ushell be the 4-velocity of the Schwarzschild observer. The spatial components of ushell are 0,
hence by the normalisation requirement g(ushell,ushell) = −1 it follows utshell =
(
1− 2Mr
)−1/2
; in summary,
uµshell =
((
1− 2M
r
)−1/2
, 0, 0, 0
)
. (83)
Label by u the 4-velocity of the radial motion, which has form
uµ = (ut, ur, 0, 0), (84)
where the nonzero components are to be determined. From equation 23, the Lorentz factor satisfies the inner
product:
γ = −u · ushell. (85)
Only the time component of ushell is nonzero, and so
γ = (−1)(−1)
(
1− 2M
r
)
ut
(
1− 2M
r
)−1/2
, (86)
or
ut = γ
(
1− 2M
r
)−1/2
(87)
after rearranging. Then ur follows from the normalisation g(u,u) = −1:
−
(
1− 2M
r
)
(ut)2 +
(
1− 2M
r
)−1
(ur)2 = −1, (88)
so (
1− 2M
r
)−1
(ur)2 = −1 +
(
1− 2M
r
)
(ut)2 = −1 +
(
1− 2M
r
)
γ2
(
1− 2M
r
)−1
= γ2 − 1. (89)
But
γ2 − 1 = 1
1− V 2 − 1 =
1− (1− V 2)
1− V 2 =
V 2
1− V 2 = V
2γ2, (90)
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so
(ur)2 = V 2γ2
(
1− 2M
r
)
, (91)
then
ur = ± |V | γ
(
1− 2M
r
)1/2
= V γ
(
1− 2M
r
)1/2
, (92)
since ur has the same sign as V and the other terms are always positive. Hence the 4-velocity of the moving
observer is
uµ =
(
γ
(
1− 2M
r
)−1/2
, V γ
(
1− 2M
r
)1/2
, 0, 0
)
. (93)
The projection tensor requires the 4-velocity in covariant form. Because the metric is diagonal, uα = gααu
α.
Hence ut = gttu
t = − (1− 2Mr ) γ (1− 2Mr )−1/2 = −γ (1− 2Mr )1/2, and ur = grrur = (1− 2Mr )−1 V γ (1− 2Mr )1/2 =
V γ
(
1− 2Mr
)−1/2
. That is,
uµ =
(
−γ
(
1− 2M
r
)1/2
, V γ
(
1− 2M
r
)−1/2
, 0, 0
)
. (94)
One term of the projector is u⊗ u, which is formed by multiplying the entries of uµ with themselves:
uµuν =

γ2
(
1− 2Mr
) −V γ2 0 0
−V γ2 V 2γ2 (1− 2Mr )−1 0 0
0 0 0 0
0 0 0 0
 . (95)
Thus the projection tensor is
Pµν = gµν + uµuν =

V 2γ2
(
1− 2Mr
) −V γ2 0 0
−V γ2 γ2 (1− 2Mr )−1 0 0
0 0 r2 0
0 0 0 r2 sin2 θ
 (96)
where the equality γ2 − 1 = V 2γ2 was used twice.
Note the proper metric γij ≡ Pµν ∂xµ∂Xi ∂x
ν
∂Xj gives the same result in this case. The derivative terms can be taken
as delta functions ∂x
µ
∂Xi = δ
µ
i since there is no need of tracking particles over time and an instantaneous snapshot
is all that is required. Another way of seeing this is to define the material manifold by the present time slice,
so the material coordinates would simply be the spacetime coordinates. Then γij = Pij , which forms the
lower-right 3× 3 matrix of Pµν .
In the radial direction, the spatial metric gives
dL2 = γrrdr
2 = Prrdr
2 = γ2
(
1− 2M
r
)−1
dr2, (97)
so
dL = γ
(
1− 2M
r
)−1/2
dr = γdR. (98)
This time the length is increased by the factor γ! Though not the usual way of thinking about length-contraction,
this is nonetheless equivalent. That the alternate approaches of Lorentz boosts and the spatial projector give
the same result — in a reciprocal sense — is an important confirmation of the result. This also affirms the
previous result that the radial “proper distance” is only measured by Schwarzschild observers and others with
dr
dt = 0.
One application is the popular conceptual scenario of an astronaut falling feet-first into a black hole. At what
r would they be “spaghettified”, meaning stretched lengthwise and compressed sideways by tidal forces? The
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astronaut would experience increasing length-contraction relative to Schwarzschild observers as they plummet.
From the local Schwarzschild frames, the steadily advancing length-contraction would add to the tension on
the astronaut’s body as it is required to contract to remain rigid. But the shortened length (in Schwarzschild
coordinates) leads to a reduced tidal acceleration between head and feet. The former effect seems paltry
compared to the latter, so overall the astronaut would last longer. In the case of sufficiently large black holes
where the astronaut would survive past the event horizon, the length-contraction formula derived here is not
valid because it is relative to Schwarzschild observers which are impossible for r ≤ 2M , but one could try
another coordinate system. Finally, even if the scenario of the falling astronaut is unrealistic, it is conceptually
important for understanding general relativity.
7.3 Lorentz boost — FLRW spacetime
I repeat the earlier Lorentz boost construction, to demonstrate length-contraction in FLRW spacetime. Ob-
servers “comoving” with the Hubble flow are the natural choice (see section 6.4), and these are also the
obvious choice of reference frame from which to describe length-contraction. Suppose an observer moves at
speed V (t, χ) with respect to the local Hubble flow. Orient the standard coordinate system (t, χ, θ, φ) so the
motion is radial. As before, take the sign of V as the sign of ∆χ, so for motion receding from the origin V > 0.
The FLRW metric is
ds2 = −dt2 +R(t)2 (dχ2 + Sk(χ)2dΩ2) . (99)
The so-called “proper distance” is the spatial distance R(t)χ from the coordinate origin. Define a new radial
coordinate X by the simple rescaling:
dX ≡ R(t)dχ, (100)
under which the metric becomes
ds2 = −dt2 + dX2 +R(t)2Sk(χ)2dΩ2. (101)
Notice this is a locally inertial coordinate system, at least in the t and X coordinates. This is reminiscent
of conformal coordinates, in that they also make spacetime appear flat. As before, the angular coordinates θ
and φ could be rescaled or simply left unchanged since they are orthogonal to the motion. Define a new time
coordinate T by the Lorentz boost
dT = −V γdX + γdt = −V γR(t)dχ+ γdt. (102)
Rearranging, dt = 1γ dT +R(t)V dχ. Substituting this into the metric,
ds2 = − 1
γ2
dT 2 − 2V
γ
R(t)dTdχ+ (1− V 2)R(t)2dχ2 +R(t)2Sk(χ)2dΩ2. (103)
Determining spatial sections by constant T , the radial distance is
ds2radial = (1− V 2)R(t)2dχ2 = γ−2R(t)2dχ2, (104)
so
dsradial = γ
−1R(t)dχ. (105)
As in the Schwarzschild case, this is local length-contraction by a factor of γ, in this case relative to the usual
distance interval R(t)χ. Expressed in words, an observer moving at speed V relative to the local Hubble flow
will measure the Hubble comovers to be length-contracted by a factor γ(V ).
This also demonstrates the (radial) so-called “proper distance” Rχ is only that measured by observers moving
with the Hubble flow, or more generally those with dχdt = 0. All other observers measure a different distance,
locally.
There is an important application to our motion through the universe. The Milky Way and other galaxies
in the Local Group are travelling at ≈ 600km/s relative to the Hubble flow, as determined from the cosmic
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microwave background (CMB). This is a Lorentz factor of γ ≈ 1.000002, or γ−1 ≈ 0.999998. Hence from the
frame of the Earth (more precisely, the Local Group), distances in the direction of motion (roughly towards the
constellation Hydra, and also the opposite direction) are decreased by ≈ 0.0002%, relative to the measurement
made by Hubble comovers. This calculation does not consider the Earth’s orbit around the Sun, nor the Solar
System’s orbit around our galaxy’s centre. Note the questionable approach of taking the 600km/s figure in a
Minkowski space calculation would give a correct result, since the proper distance Rχ is an inertial coordinate.
But in a curved spacetime, such a measurement applies only locally; it would still make sense to consider a
whole chain of observers travelling at 600km/s relative to their local Hubble flow, then the compendium of
yields an overall contraction. Either way, this calculation would presumably have been done by others.
7.4 Spatial projector — FLRW spacetime
With the same setup as the above, label the 4-velocity of Hubble comovers by uHubble and the 4-velocity of
the relatively “moving” observer u. Then
uµHubble = (1, 0, 0, 0) , (106)
and
u =
(
ut, uχ, 0, 0
)
(107)
for components to be determined. Then γ = −uHubble ·u = ut, so ut = γ. Then by normalisation uµuµ = −1,
it follows −γ2 + R(t)2(ur)2 = −1, so R(t)2(ur)2 = γ2 − 1 = V 2γ2, so ur = V γR(t) , taking ur to have the same
sign as V . Then:
uµ =
(
γ,
V γ
R(t)
, 0, 0
)
. (108)
In covariant form, from equation 12,
uµ = (−γ, V γR(t), 0, 0) . (109)
Then the spatial projector tensor is
Pµν = gµν + uµuν =

V 2γ2 −V γ2R(t) 0 0
−V γ2R(t) γ2R(t)2 0 0
0 0 R(t)2Sk(χ)
2 0
0 0 0 R(t)2Sk(χ)
2 sin2 θ
 . (110)
As before, the proper metric yields the same result in this case, because it is an instantaneous snapshot, not
tracking particles over time. From the component γχχ = Pχχ = γ
2R(t)2, the local “radial” (χ) distance is
dL = γR(t)dχ, (111)
which is the usual “proper distance” R(t)dχ expanded by the Lorentz factor γ.
Hence the observer’s rulers, as perceived in the frames of the Hubble flow, would measure an increased length
by a factor γ in the direction of motion. This concurs with the previous result that only Hubble comovers
measure a distance Rχ. To be precise, all motions which coincide with the Hubble flow in at least one direction
measure a local distance Rdχ in that direction.
7.5 Theorem — Spatial metric for stationary/comoving observers
In this section I prove an original theorem which leads to a host of example rigid systems, and hence a selection
of possible gravitational redshift interpretations. Though it is done independently and I do not know of any
source for it, presumably others would have derived it previously, because it is a straightforward computation.
Theorem 7.1. For a given coordinate system xµ with diagonal metric gµν , the spatial metric of particles
stationary with respect to the coordinates is simply gij, which is the spatial part of the spacetime metric.
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Proof. Each observer/particle remains at constant spatial position with respect to the specified coordinates.
Then by normalisation,
uµ =
(√
−g−1tt , 0, 0, 0
)
, (112)
noting −gtt is positive with the −+ ++ convention. In covariant form, uµ = gµνuν = gµtut = gttutδtµ, so since
the metric is diagonal,
uµ =
(
gttu
t, 0, 0, 0
)
=
(√−gtt, 0, 0, 0) . (113)
Then uµuν = 0 except for (µ, ν) = (t, t) for which (ut)
2 = −gtt. Thus
Pµν = gµν + uµuν = diag(0, g11, g22, g33). (114)
The proper metric γij = Pµν
∂xµ
∂Xi
∂xν
∂Xj gives the same result in this case. Since the particles remain at fixed
spatial positions, the xµ are also material coordinates, and so ∂x
α
∂Xi =
∂xα
∂xi = δ
α
i . Hence
γij = Pij =
g11 0 00 g22 0
0 0 g33
 . (115)
Note the Landau-Lifshitz radar distance concurs with this result, as for a diagonal metric, γLLij = gij .
Corollary : If in addition the metric is time-independent, then the stationary observers form a rigid system.
Thus Schwarzschild observers form a rigid system. In FLRW spacetime, the theorem shows Hubble comovers
do measure the “proper distance” Rdχ. But since the metric evolves over time, in general, they do not form a
rigid system. The theorem concurs with the previous result that Schwarzschild observers and Hubble comovers
measure the “proper distance” as defined in their respective spacetimes.
The theorem does not apply to Gullstrand-Painleve´ coordinates for raindrops, because the metric is not diagonal
in these coordinates. This fits with intuition that such a system would not be rigid. Neither are the Eddington-
Finkelstein coordinates diagonal. Another situation which fails to meet the criteria is r < 2M for a black hole
in Schwarzschild coordinates, because no particle can remain stationary there.
8 Gravitational redshifts — flat spacetime
There is no gravitational field in Minkowski spacetime, and so any redshifts must be Doppler shifts. At least
this would be the most natural interpretation of an all-knowing “bookkeeper”. But for a local observer who
experiences acceleration and may or may not have knowledge of the global spacetime, this acceleration is
locally indistinguishable from gravity according to the equivalence principle.
This section demonstrates matching a photon transit to the Rindler chart, then investigates arbitrary accelera-
tions in special relativity, before considering one possible extension to FLRW spacetime.
8.1 Gravitational interpretation — Rindler observers
In Minkowski space, the Rindler chart makes it straightforward to find a family of observers to interpret a
given frequency shift as gravitational. Suppose the 4-velocity of a given emitter and receiver are known, as
well as the energy of a photon at emission.
The first step is to convert these endpoint motions to motions collinear (spatially) with the photon. So long as
the adjusted emitter and receiver measure the same initial and final energies of the photon, observers would
accept this adjustment without suspecting any “cheating”. Then the velocities are all collinear, so a Rindler
chart can be defined with this direction as the x-coordinate.
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Figure 9: The photon cuts a 45◦ path (red)
through the Rindler wedge. The endpoints
can be matched up with the desired path.
This yields a gravitational redshift interpre-
tation in Minkowski space.
Suppose the 4-velocity of the observer to be adjusted is u, and photon 4-momentum p. Align Minkowski
coordinates so that p is in the x-direction. The observer measures photon energy E = −p · u = ptut − pxux.
The adjusted 4-velocity unew will have components u
µ
new = (u
t, ux, 0, 0), and satisfy the requirement E =
−p · unew = ptutnew − pxuxnew. Normalisation of unew is −(utnew)2 + (uxnew)2 = −1. E + pxuxnew = ptutnew so
squaring, E2 + 2Epxuxnew + (p
xuxnew)
2 = (ptutnew)
2. The right hand side is (pt)2(utnew)
2 = (pt)2(1 + (uxnew)
2).
Expanding out, this gives a quadratic in uxnew which can be solved given the input variables, and thus unew is
determined.
Now assume the endpoint observers — the emitter and receiver — have been adjusted. Suppose the emitter is
at (t1, x1) in the chosen coordinates, where the other coordinates are zero and suppressed. A null worldline
connects the observers, so the reception event is at (t1 + d, x1 ± d) for some coordinate interval d > 0.
From straightforward algebra, it can be shown
x1 = d
1− v2
v2 − v1 , t1 = v1d
1− v2
v2 − v1 , (116)
where vi ≡ tixi is the coordinate speed of the Rindler observers matching the emitter and receiver. This
yields a chain of observers, with the endpoints coincident with the emitter and receiver observers, who remain
at constant proper-frame distance. Thus each would locally interpret the infinitesimal redshift as a purely
gravitational shift. And thus it is an overall gravitational shift, in this interpretation.
The photon takes nonzero coordinate time t to transit, which allows more flexibility. For instance, there is no
frame in which part of the Rindler rod travels left, and part travels right. But due to the finite photon travel
time, a photon path which traversed from some position at t < 0 to another position at t > 0 could include
this property.
8.2 Arbitrary accelerations in special relativity
The case of arbitrary accelerations in general curved spacetimes is difficult, so a natural precursor is arbitrary
accelerations in Minkowski space. Because it is just in 1+1 dimensions, the situation is considerably simplified.
Noether and Herglotz both showed the motion of a rigid body in special relativity is determined by a single
particle. But one may wonder questions like, does the local length-contraction depend only on the leading
particle’s instantaneous speed, or its full worldline history? From the particular case of Rindler coordinates,
the velocity of a single particle is not sufficient to determine the behaviour of the rod, as inspection of the
chart shows. Along a radial line, T and hence the velocity is constant, but all these particles have different
accelerations.
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In the Rindler chart, the following properties hold, and one might wonder if they hold for accelerated rigid
motion more generally:
 to stay rigid individual proper accelerations differ
 to stay rigid individual speeds differ
 speed depends on both speed and acceleration of adjoining particle
 there is a limit on the extent, could possibly call a “rigidity horizon” or similar. Can’t extend rigid
structure indefinitely through space under the given requirements.
Back to arbitrary accelerations (but still 1-dimensional and collinear), suppose xµ are inertial coordinates
corresponding to an observer. Let s be a material (“Lagrangian”) coordinate, with the additional requirement
that it be scaled to proper length. Label by v ≡ dxdt the coordinate speed, and a ≡ dvdt for the coordinate (not
proper) acceleration. x, v, and a are all functions of both s and t. The local or infinitesimal length-contraction
is: (Rindler, 1977, p50–51)
∂x
∂s
= γ−1 =
√
1− v2 (117)
The higher the speed, the more material fits into a given coordinate interval, as measured from the observer’s
frame. Differentiate both sides with respect to t. Then d
2x
dsdt =
∂(γ−1)
∂t . The right hand side is
∂
∂t
γ−1 =
∂
∂t
√
1− v2 = 1
2
(1− v2)−1/2 · (−2)v · ∂v
∂t
= −vγ ∂v
∂t
= −vγa, (118)
and the left hand side is dds
(
dx
dt
)
= dvds . Hence
∂v
∂s
=
∂γ−1
∂t
= −vγa (119)
This describes the propagation of the speed along the material, in a snapshot of constant coordinate time.
Differentiate again with respect to t, and after a few lines one can show:
∂a
∂s
= −∂(vγa)
∂t
= −γ3a2 − γva˙. (120)
This describes the propagation of acceleration along the material. The a˙ term is unappealing, but there is no
point continuing this process ad-infinitum. I derived the latter two independently, but they would certainly
have been derived before. Note they all resulted simply from the length-contraction formula. As a check, the
Rindler chart satisfies these equations.
From equation 117 and the definition of v it follows that (Eriksen et al., 1982, §2)(
∂x
∂s
)2
+
(
∂x
∂t
)2
= 1. (121)
This equation is not explicitly covariant (tensorial), but it can be put into a form which is: (So¨derholm, 1982)(
∂s
∂x
)2
−
(
∂s
∂t
)2
= 1. (122)
In fact the following features of the Rindler chart do carry through to generalised 1-dimensional accelerated
rigid motion in special relativity. There is a single frame in which the whole 1-dimensional rigid body is at rest
(Eriksen et al., 1982, §4). If a given point has proper acceleration 1X , then the maximum extent of the rigid
body is X in the direction opposite to the acceleration. For such a limit point X0, the proper acceleration of
other points is (X −X0)−1 (Eriksen et al., 1982, §5). The distribution of the acceleration across space is the
same as for the Rindler chart (Eriksen et al., 1982, §6). Contrast the approach in DeWitt (2011, §2.4).
This analysis of rigid body dynamics in 1 + 1 dimensions in flat spacetime is linked to gravitational redshift
interpretations, and is a preliminary step to application in curved spacetime.
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9 Gravitational redshifts — the Schwarzschild fishing line
Figure 10: A fishing line dangling over an unusually
colourful black hole. The line is moving radially, and is
hence length-contracted as measured by Schwarzschild
observers. It is kept perfectly rigid by a large number
of fixed pulleys or winches (in pink), each rotating at a
constant rate depending on their position. This ensures
the overall motion is Born-rigid.
This section describes the relativistic kinematics of
a 1-dimensional rigid object in Schwarzschild space-
time, or put more simply, a “fishing line” dangling
outside a black hole and which is being reeled in or
out. This rigid body solution leads to gravitational
redshift interpretations for radial photons. This is
an original result. It was claimed by Brotas (2006)
who is demonstrably incorrect.
The object could be visualised as an idealised fishing
line, bar, rope, string, etc. Technically, it is only the
motion which is rigid and not the object itself, as
discussed in section 3.1. Hence, one could visualise
a host of miniature rocket boosters affixed at all
points of the line, or a system of pulleys which feed
the line through like a conveyor belt. Historically,
the idea sprang out of discussion about “mining”
black holes, for which one proposal is to lower a box
on a rope, fill it with energy, then raise it again.
This leads to inquiries about the tensilve strength
and kinematics of the rope.
One might assume the “proper distance” dR =(
1− 2Mr
)−1/2
dr is the only important radial dis-
tance, and hence that a rigid system must be de-
scribed by a constant R-spacing of particles in an
object. However despite the ubiquity of this length
measure, it does not account for length-contraction
effects due to motion, as shown previously.
9.1 Initial calculations
The goal is to determine quantitative values such as
the 4-velocity of particles on the line, and ultimately
the proper metric. Firstly, I start with insight from
special relativity, to be later applied to local inertial
frames in Schwarzschild spacetime.
Let K be a constant related to the speed of the line,
defined as the rate of proper length passing per unit
coordinate time t, at any given point. This defini-
tion is made by Brotas, who correctly asserts this
leads to rigid motion. See the pipe diagram for one
justification, and the proper metric calculation later.
It seems to be the static nature of the geometry which supports this feature. Brotas defines 0 < K < ∞, I
use −∞ < K <∞, where as before positive K refers to outward motion, and vice versa. This unboundedness
does not lead to unbounded velocities, as the following lemma reassures. Let L measure proper length along
the rope, then
dL
dt
= K. (123)
Lemma 9.1. In Minkowski space, suppose a rigid rope lies in a straight line and moves along its length, at
constant speed V relative to an inertial observer. Then the amount of material (proper length) of rope passing
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rFigure 11: Water flowing through oddly shaped pipes in Newtonian mechanics, an analogy to the length-
contracted fishing line in Schwarzschild geometry. Assume the water flows into the pipe at a constant rate,
and the flow is streamlined, frictionless, and incompressible. Its speed through the thinner sections is greater,
and slower through the thicker sections. But the equation of continuity says the mass flow rate is the same
everywhere, i.e. the amount of material or number of atoms passing any given r remains constant. The varying
thickness of the pipe is analogous to the varying time and length distortion of the fishing line in Schwarzschild
spacetime. Stretching the pipe (bottom diagram) in the lengthwise does not change the flow rate (arrows),
which is dependent only on the cross-section.
the observer is given by the rate
dL
dτ
= V γ, (124)
where L is the proper length of rope which has passed the observer, τ is the proper time of the observer, and
γ ≡ (1− V 2)−1/2 is the Lorentz factor.
Proof. Recall “proper length” means the length of the rope as measured in its own frame. The rope is length-
contracted by a factor of γ, as measured by the observer. In the observer’s frame, the rope will appear denser.
Though the speed is V , due to the increased density from length-contraction the proper length will pass at the
increased rate of V γ.
Lemma 9.2. Suppose V γ = q for some number q at a given point, where γ(V ) is the Lorentz factor, and q and
V may be positive or negative. Then
γ =
√
1 + q2, V =
q√
1 + q2
. (125)
Proof. This follows from elementary algebra. Now V γ = V√
1−V 2 = q, so
V 2
1−V 2 = q
2. Now V = 0 ⇐⇒ q = 0,
otherwise invert both sides so 1−V
2
V 2 = q
−2, so 1V 2 = 1 + q
−2 = 1 + 1q2 =
1+q2
q2 . Then V
2 = q
2
1+q2 , so V =
q√
1+q2
,
taking V to have the same sign as q. Then from the starting assumption V γ = q, it follows γ = qV =
√
1 + q2.
Back to Schwarzschild geometry, the fishing line passes any stationary observer at a proper length rate of
dL
dt = K. The use of coordinate time gives a convenient universal time with which to coordinate the motion.
Then this is related to the proper time tshell of the local Schwarzschild observer by
dL
dtshell
=
dL
dt
dt
dtshell
= K
(
1− 2M
r
)−1/2
. (126)
(The label τ will be is reserved for particles on the line.) Since tshell is a local inertial coordinate, the special-
relativistic result of lemma 9.2 is valid, taking q = K
(
1− 2Mr
)−1/2
. It follows:
γ =
√
1 +K2
(
1− 2M
r
)−1
= W (r)
(
1− 2M
r
)−1/2
V =
K
W (r)
, (127)
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after simplifying. Here W (r) is defined by Brotas and has the following definition, and I also add a function
f(r) used shortly:
W (r) ≡
√
1− 2M
r
+K2, f(r) ≡
(
1− 2M
r
)−1√
1− 2M
r
+K2 =
(
1− 2M
r
)−1
W (r). (128)
One can show equation 127 implies γ ≥ 1 and |V | < 1 as required.
The 4-velocity in Schwarzschild coordinates follows from equation 93,
uµ = (f(r),K, 0, 0) (129)
after simplifying. In particular, ur = drdτ = K, so integrating gives
r = Kτ +X, (130)
where X is the constant of integration and is clearly the value of r when τ = 0.
Similarly, ut = dtdτ = f(r). A relation between t, τ , and r is needed. But
dr
dτ = K, so f(r) =
dt
dτ =
dt
dr
dr
dτ = K
dt
dr ,
so dtdr =
1
K f(r). Integrate to get:
t =
1
K
∫ r
X
f(r′)dr′ (131)
where the lower bound follows from choosing τ = 0 to coincide with t = 0, when the r-coordinate is X. A
primitive function for the integral is messy but provided in Appendix B. It is not required for the calculations
which can be done from the above expression.
Note that since the upper limit in the integral for t is r = X+Kτ , the new variables (τ,X, . . .) are expressed in
terms of the Schwarzschild coordinates (t, r, . . .), where θ and φ are shared by both systems. The coordinate
velocity
dr
dt
=
K
f(r)
(132)
follows directly from the 4-velocity.
The proper length of rope contained in interval dr is, from equation 127,
γdR =
W (r)(
1− 2Mr
)1/2 (1− 2Mr
)−1/2
dr = W (r)
(
1− 2M
r
)−1
dr = f(r)dr. (133)
When |K| is large, the interval tends to |K| dr, so is unbounded. When K = 0 the interval is dr as expected.
The 4-accelerationis a ≡ ∇uu, which evaluates to
a =
(
KM(r − 2M)−2f(r)−1, M
r2
, 0, 0
)
. (134)
The first term may also be expressed KMr−2
(
1− 2Mr
)−2
f(r)−1 or KM
r(r−2M)
√
1− 2Mr +K2
. For K = 0 this
reduces to the expression for Schwarzschild observers aµ = (0, Mr2 , 0, 0) as expected (Hartle, 2003, p459). The
magnitude describes the “felt” acceleration:
√
a · a = M
r2
(
1− 2M
r
+K2
)−1/2
=
M
r2W (r)
. (135)
The form is reassuringly similar to that of Schwarzschild observers, for whom
√
a · a = Mr2
(
1− 2Mr
)−1/2
(Hartle, 2003, p459), and as K → 0 this limit is obtained. Note the acceleration is always less for fishing line
particles than Schwarzschild observers, for K 6= 0.
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9.2 Proper metric
The projection tensor is given by equation 30, with V and γ from equation 127. Then,
Pµν =

K2 −Kf(r) 0 0
−Kf(r) f(r)2 0 0
0 0 r2 0
0 0 0 r2 sin2 θ
 , (136)
after simplifying.
Figure 12: Many fishing lines dangling over a black hole.
The picture is basically the same in the Schwarzschild
frames, the fishing line frames, and R3, as the only dif-
ference is a radial length-contraction. Clearly this is not
a rigid system in the angular coordinates - if the lines
were connected sideways, they would rip apart when
reeled in from above. But for a thin line which is not
glued to others, only the radial direction matters.
The proper metric (see section 3.4) requires the
Schwarzschild coordinate position xµ of particles to
be expressed in terms of material coordinates Xν
including the proper time τ . Now θ and φ are fixed
for any given particle, so they can double as ma-
terial coordinates: Xθ ≡ xθ and Xφ ≡ xφ. Also
equation 130 is r = Kτ+X, so choose X as a radial
material coordinate: Xr ≡ X. Equation 131 gives t
as a function of the Xν . Thus the Schwarzschild co-
ordinates xµ are expressed in terms of the material
coordinates Xν , as required.
The derivatives ∂x
µ
∂Xi are straightforward, apart from
∂t
∂X . To repeat, t =
1
K
∫ r
X
f(r′)dr′. It is easy to
miss that the upper limit r = Kτ + X is also de-
pendent on X. Hence, by a double application of
the First Fundamental Theorem of Calculus which
states ddx
∫ x
c
h(s)ds = h(x),
∂t
∂X
=
f(r)− f(X)
K
, (137)
since ddX (I) =
d
dr (I)
dr
dX by the chain rule, writing I
for the integral expression. This is confirmed using
the closed form expression for t.
It follows the proper metric is, after simplifying,
γij =
f(X)2 0 00 r2 0
0 0 r2 sin2 θ
 . (138)
This gives the proper-frame distance as perceived by particles in the fishing line, and is interpreted as follows.
In the radial direction the perceived distance between particles separated by dX in the material manifold,
is f(X)dX. This distance is measured in the orthogonal hypersurface to the motion. This formula applies
over all time, so the proper-frame distance between these particles remains context, and thus they remain
Born-rigid. X is also the initial r-coordinate at t = 0, so a Schwarzschild radial distance of dX is perceived
as f(X)dX by the particles.
The angular components γθθ and γφφ are unchanged from those in the spacetime metric gµν . This is an
illustration of the familiar principle that there are no length-contraction (or expansion) effects orthogonal to
the motion. However, r is not constant over time for a given particle, for K 6= 0. Hence the radial distances
change over time, and there is not rigidity in this direction. A Born-rigid object extended in 3-dimensions
will rip apart under fishing line motion (if K 6= 0). However the idealised 1-dimensional fishing line remains
Born-rigid. An alternate approach is to accept the line width as nonzero but small, and then allow for slight
deviations from Born-rigidity, where the latter remains an extremely good approximation.
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Limiting cases provide helpful confirmation. As K → 0, g11 →
(
1− 2Mr
)−1/2
= dR as expected, which is
the proper distance for Schwarzschild observers. As M → 0 and/or r → ∞, γ11 →
√
1 +K2. This implies
Minkowski space, and indeed this fits lemma 9.2 with q = K. If in addition K → 0, √1 +K2 → 1 as expected.
Nata´rio, J. (2014, §6) also discusses the fishing line.
9.3 Coordinate transform
There are many coordinate systems for the Schwarzschild geometry already in common use. Each is chosen
for a particular application, for instance geometric reasons, or following light paths or free-falling particles. I
provide a new coordinate system (τ,X, θ, φ) which is adapted to the fishing line kinematics. X is constant for
a particle on the line and corresponds to the Schwarzschild r-coordinate when τ = 0. τ is the proper time for
particles on the line. θ and φ are the usual angular spherical coordinates. They are synchronous comoving
coordinates for a Born-rigid fishing line.
After substitution and simplification, one ultimately obtains
ds2 = −dτ2+ 2
K
(
f(X)
√
1− 2M
r
+K2 − 1
)
dτdX+
((
1− 2M
r
)−1
− 1
K2
(
1− 2M
r
)
(f(r)− f(X))2
)
dX2+r2dΩ2
(139)
which is valid for K 6= 0. Here dΩ2 = dθ2 + sin2 θdφ2, and r is the Schwarzschild radial coordinate but
interpreted as a function of the coordinates, r = X + Kτ , which I continue to use for brevity of expression.
Note the cross-term dτdX, due to motion in the Schwarzschild case.
This metric has vanishing Ricci tensors Rµν as required for any coordinatisation of the Schwarzschild geometry,
as Brotas (2006) mentions. This follows from the tensor transformation law R′αβ =
∂xγ
∂x′α
∂xδ
∂x′βRγδ, so since the
Rγδ all vanish in Schwarzschild coordinates, they must vanish in all coordinate systems for this geometry.
Similarly, the curvature scalar R = 0 everywhere for this geometry.
9.4 Infinite length of line
Figure 13: The function f(r) (blue line) compared with
the usual “proper distance” interval
(
1− 2Mr
)−1/2
, for
M = 1 and K = 1. Visually, it is quite plausible the
integral of f — the area under the curve — is infinite
near r = 2M .
The length-contracted fishing line has the curious
property than an infinite proper length will fit be-
tween the event horizon r = 2M and any point r >
2M . This follows from the integral of f(r)dr, which
describes the proper length, as given in Appendix
B. One might guess a realistic material would break
under the extreme conditions near the event hori-
zon. But as r → 2M , the 4-accelerationmagnitude
approaches 14M |K| , which curiously is finite. Perhaps
a real line could even withstand the tension, aided
by time-dilation, as Brown (2013, §2) expresses “the
weight of the rope redshifts away.”
The infinite length is not simply due to f(r) diverg-
ing to infinity as r → 2M . Though this is true, this
property does not imply the integral also diverges —
compare Taylor & Wheeler (2000, p2-49). Consider
the familiar setting of functions from R to R, e.g. 1x
and 1√
x
. Both are “infinite” at x = 0 (more rigor-
ously, both are undefined at x = 0 but the limit is
+∞ when approaching from the positive side). And
yet one integral diverges when the other converges.
for
∫ 1
0
·dx.
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Figure 14: A rigid Schwarzschild fishing line or rope as measured in various coordinate systems. In the top
image, the rope is stationary in an inertial frame in flat spacetime. The scale shows the rope’s regularly spaced
one-unit markings, which serve as a visual ruler. The bottom pair is Schwarzschild spacetime with M = 1, and
here the scale represents the r-coordinate. In the middle image the rope is stationary and almost touching the
event horizon. A proper length of 11 units fits into a Schwarzschild r-coordinate interval of just over 2 12 units,
due to the different geometry. In the lower image the rope is moving with K = 1. Just 28 segments are depicted
of its infinite proper length.
The point r = 2M is not included in the integral. But the integration is still the same
∫
2M
·, whether or not
this endpoint is included. (Technically, under Lebesgue integration, the “measure” of a single point within
an interval of R is 0. The convention is 0 times ∞ is 0, under Lebesgue integration. Thus one point makes
no difference. The divergence is due to the behaviour near r = 2M , not the point itself.) Another way of
expressing this is that the set of lengths
∫ 3M
r1
f(r′)dr′ for 2M < r1 < 3M is unbounded. The upper limit is
an arbitrary choice, but close (in Schwarzschild coordinates) to 2M .
The various radial length measures compare as follows, for K 6= 0:
dL > dR > dr, (140)
since
dL
dr
= f(r) >
(
1− 2M
r
)−1√
1− 2M
r
=
(
1− 2M
r
)−1/2
=
dR
dr
. (141)
See the diagram. If K = 0 then dL = dR > dr.
9.5 Application
The kinematics of the rigid fishing line can be copied by a chain of observers to interpret redshifts as gravita-
tional, or at least adjust the usual interpretation.
Example 1. Suppose a pair of observers are stationary on the same radial line, at r1 and r2. Suppose a photon
passes between them. Interpret the redshift as purely gravitational.
This example is chosen for familiarity, and to show consistency with the usual interpretation. A fishing line with
K = 0 has particle motion coinciding with the observers. Because this is a rigid system, every particle/observer
on the line perceives constant proper-frame distance to its neighbours, and thus the photon redshift observed
must be purely gravitational in origin since it can’t be a Doppler shift. So the overall redshift is purely
gravitational.
Example 2. Suppose the 3-velocity of an emitter at location r1 is V1 with respect to the local Schwarzschild
observer there, and speed V2 of a receiver at location r2 relative to its local Schwarzschild observer. Use the
convention Vi > 0 for outward motion, as before. Suppose the emitter sends out a photon, which the emitter
measures to have initial energy E1. Firstly, the usual convention is to quantify redshift around what stationary
Schwarzschild observers measure, a choice I affirm as the most “natural”. Thus we convert the velocities to a
stationary observer perspective.
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At the emission event, the local Schwarzschild observer would measure a Doppler shift between themselves and
the emitter. If V1 > 0, the stationary observer would measure increased energy, which is
√
1+V1
1−V1E1 from
equation 11. Later, the photon arrives at r2, experiencing an overall gravitational redshift by an energy factor√
1− 2Mr1
1− 2Mr2
< 1. Then another Doppler correction is needed in converting to the receiver’s frame, a factor of√
1−V2
1+V2
which is a decrease in energy if V2 > 0. Thus the breakdown is:
Doppler
√
1 + V1
1− V1
√
1− V2
1 + V2
(142)
Gravitational
√√√√1− 2Mr1
1− 2Mr2
(143)
This standard interpretation is the most natural, based on the symmetries of the spacetime. Nevertheless,
one can manipulate the interpretation using the equivalence principle.
Suppose for the same setup that a rigid fishing line moves concurrently with the emitter. One can solve for
K = V1γ1
(
1− 2Mr1
)1/2
. There is no initial conversion Doppler shift in this case, as the emitter and other
observer at the event have the same motion. Then all along the photon trajectory, frequency shifts are
interpreted as purely gravitational by observers moving with the line. At the receiver location r2 the line has
speed V ′ = KW (r2) relative to the local stationary observer by equation 127. In general this is not the same
speed as the receiver, so an endpoint Doppler adjustment is needed, which can be deduced from a combined
shift “back” to the local Schwarzschild observer then “forward” to the receiver. These factors are
√
1+ K
W (r2)
1− K
W (r2)
and
√
1−V2
1+V2
respectively. The gravitational component must be whatever energy shift is unaccounted for.
Comparing to the above calculations, overall:
Doppler
√√√√1 + KW (r2)
1− KW (r2)
√
1− V2
1 + V2
(144)
Gravitational
√
1 + V1
1− V1
√√√√1− 2Mr1
1− 2Mr2
√√√√1− KW (r2)
1 + KW (r2)
(145)
(146)
Let’s put in some numbers. Suppose r1 = 3M and r2 = 4M , V1 =
1
2 and V2 =
1
5 . Then the usual gravitational
redshift factor is
√
1− 2Mr1
1− 2Mr2
=
√
2
3 . The V1 special-relativistic Doppler factor is
√
3, and γ(V1) =
2
√
3
3 . The V2
Doppler factor is
√
2
3 . Then the line matching the emitter has K =
1
2
2√
3
1√
3
= 13 . Then W (r2) =
√
11
18 , so
K
W (r2)
=
√
2
11 , and after simplifying the
√
1+ K
W (r2)
1− K
W (r2)
=
√
11+
√
2
3 ≈ 1.58.
The usual natural interpretation is of a Doppler energy shift by
√
3
√
2
3 =
√
2 ≈ 1.41, and a gravitational shift
by
√
2
3 ≈ 0.82 as above. The overall factor is an energy shift of 2√3 ≈ 1.15, a slight increase or blueshift.
Using the fishing line interpretation, the Doppler component is
√
11+
√
2
3
√
2
3 =
√
66+2
√
3
9 ≈ 1.29, and the grav-
itational component
√
22−2
3 ≈ 0.90. The overall shift is the same, but there is a significant difference in its
interpretation and makeup!
A possible extension to this analysis would be to use an arbitrary winding rate K which is not necessarily
matched to either emitter nor receiver.
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9.6 Alternate L coordinates
The previous coordinate system used a radial coordinate which is comoving for particles on the line. Brotas
makes a different choice of radial coordinates, using the proper length along the line, which he labels x and I
label L. The purpose here is to repeat Brotas’ construction and to compare the results.
Let ra be the Schwarzschild radial coordinate of a winch or fishing reel, as in Brotas. Natural choices such as
ra = 2M or ra =∞ do not work, as the proper length from these to any point within 2M < r <∞ would be
infinite. One must pick some arbitrary 2M < ra <∞.
For a given particle on the line, dLdt = K, so L = Kt + Y where Y is the initial L-value at t = 0. Given X as
the starting r-coordinate used previously, then
Y =
∫ X
ra
f(r′)dr′. (147)
As for relating L to r, dLdr = f(r), so
L =
∫ r
ra
f(r′)dr′. (148)
Then
t =
L− Y
K
=
1
K
∫ r
X
f(r′)dr′. (149)
By comparison, Brotas has t = LK − 1K
∫ r
ra
f(r′)dr′ which differs only in the swapping of X and ra. It appears
Brotas’ setup implies all particles must start at r = ra at t = 0. This system has limited flexibility, and
certainly his coordinates would not cover all of Schwarzschild spacetime. Yet in fairness these formulae are
extremely similar, and perhaps Brotas intends the winch position ra to be unique for every fishing line, in
which case the formulae would coincide. Brotas (2006, equation 4) also has r = 2M + KL − Kτ , where it
remains to be further checked. These formulae are given without proof nor even a hint of their derivation,
but merely the statement “[t]he derivation/justification of these formula[e] is somewhat complicated” Brotas
(2006).
As Brotas states, the Ricci tensors Rαβ must vanish for every coordinate system for the Schwarzschild geometry.
However his own coordinate system fails this. Also the curvature scalar R must be identically 0 for any
Schwarzschild coordinate system, but this is not the case for Brotas’ metric.
dL
dτ =
dL
dt
dt
dτ = Kf(r). So in the L-coordinates, a given particle has 4-velocity
uµ = (1,Kf(r), 0, 0). (150)
Brotas claims the r = 2M pathology of the Schwarzschild coordinates is moved to r = 2M1+K2 , but I do not find
this result.
9.7 Conclusion
The description of a Born-rigid fishing line supports flexible interpretations of redshifts in the Schwarzschild
geometry.
10 Rigid rotation in Schwarzschild spacetime
I derive the dynamics of a light rigid object rotating on its axis, in Schwarzschild geometry. The object is a
spinning solid ball, with a black hole inside it at the centre, with all of the ball’s matter outside the event
horizon. In general, the particles do not follow geodesics. This research is original, and demonstrates that
accelerated 3-dimensional rigid motion does exist in curved spacetimes. This may also be used to interpret
redshifts as gravitational, within the Schwarzschild geometry.
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Orient Schwarzschild coordinates so that the rotation axis corresponds to the θ = 0 direction. Then the
“latitude” or θ-coordinate will remain fixed for a given particle, whereas the “longitude” or φ-coordinate will
change. Suppose the rotation rate is
dφ
dt
= Ω (151)
for all particles, employing the universality of coordinate time in an attempt to orchestrate the motion.
Particles travel on circular paths, however these are not geodesics unless (i) the particle is on the “equator”
and (ii) Ω matches the freefall rate, and in particular r > 3M . Thus imagine the structure held together
by either (i) its large spatial extent, extending over 180◦, and balanced so that the whole structure moves
in “freefall” even though the individual particles do not follow geodesics, or (ii) a rocket booster attached to
every small clump of particles.
10.1 Proper metric
Assume the object is small enough or light enough not to affect the metric. A given particle’s 4-position is
xµ = (t, r, θ, φ0 + Ωt), (152)
where φ0 is the φ-coordinate at t = 0. One can compute the 4-velocity as
uµ = ut (1, 0, 0,Ω) , (153)
where the time component is
ut =
(
1− 2M
r
− r2Ω2 sin2 θ
)−1/2
. (154)
The proper metric is, in Schwarzschild coordinates:
γij =
(1− 2Mr )−1 0 00 r2 0
0 0
(
1− 2Mr
)
(ut)2r2 sin2 θ
 (155)
Note that r, θ, Ω, and ut are all constant for a given particle. Hence the proper metric is constant over
time, and the system is rigid in all 3 + 1-dimensions. The γrr and γθθ components are unchanged from the
Schwarzschild metric. But the motion is in the φ-direction, and so the proper ruler distance is increased,
relative to gφφ = r
2 sin2 θ.
There is a dependency on Ω. This means we cannot change the rotation rate and maintain Born-rigidity. The
“proper geometry” is not Schwarzschild for Ω 6= 0, but nonetheless we can in principle assemble the object
while in rotation. These properties are identical for the spinning disc in Minkowski space.
10.2 Limited extent
There is a limit to the spatial extent of the rotating object. We require
ut = 1− 2M
r
− r2Ω2 sin2 θ > 0. (156)
A “sufficient” (but not “necessary”) condition is 1 − 2Mr − r2Ω2 > 0, since 0 ≤ sin2 θ ≤ 1. If the structure
doesn’t extend to the equator, there will be a looser bound. In the extreme case, particles at the poles don’t
move at all. Rearranging the equation,
Ω <
1
r
√
1− 2M
r
. (157)
Differentiating, the maximum of this function occurs at r = 3M , which has value 1
3
√
3M
≈ 0.19M−1. Hence
there is a global limit Ω < 1
3
√
3M
, but the body will be limited by its weakest link.
10.2.1 Application: Orbiting planets
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Figure 15: The maximum (“supremum”) spin rate Ω for
particles at the equator, which is 1r
√
1− 2Mr for M = 1.
At large r, a particle must move quickly through space
to keep up — think classically where we would have
v = rΩ. At small r > 2M , time dilation is extreme and
so even a low coordinate velocity seems much faster to
a particle there. Also the acceleration must be increas-
ingly angled outwards from the black hole, so there is
less leeway for revolution.
An orbiting body such as a planet will measure
an increased orbit length due to length-contraction
of its rulers, at least from the perspective of
Schwarzschild observers. Assume the orbit is cir-
cular, then θ = pi2 and the rotation rate is given by
Kepler’s law (Hartle, 2003, p200)
Ω2 =
M
r3
. (158)
(Recall freefall was not assumed prior to this point.)
This also adds the restriction r > 3M . Then ut
becomes (1 − 3Mr )−1/2 as in (Hartle, 2003, p201).
Then γφφ = r
2 1− 2Mr
1− 3Mr
. The ruler length interval is
√
γφφ, with total orbit length√
1− 2Mr
1− 3Mr
· 2pir. (159)
For the Earth, r ≈ 1.5 × 108km, and the Sun’s mass
is M ≈ 1.5km. The expansion factor is ≈ 1 + 10−8,
an increase of ≈ 9km.
For a millisecond pulsar, which is both extremely
dense and rotating extremely quickly, the length-
contraction effects are likely extreme — relative to,
say, the Kerr metric. Does the literature account for
the increased density due to length-contraction?
10.3 Redshift
This rigid system gives the framework or coordinate system for interpreting a certain class of redshifts as
gravitational shifts. One must simply choose the value of Ω, then plot a null worldline through the system.
The particles encountered on this worldline all measure constant distances to their neighbours, and thus
interpret the redshift as purely gravitational. Due to our setup, there are no restrictions on the path as being
radial etc., however limits due to endpoint motions.
10.4 Application to Ehrenfest paradox — the spinning disc
The Ehrenfest paradox of the rigidly spinning 2D disc in Minkowski space is a special case with M = 0 and
θ = pi2 . Then the proper metric reduces to
γij =
1 0 00 r2 0
0 0 (ut)2r2
 (160)
where ut simplifies to
ut =
(
1− r2Ω2)−1/2 , (161)
so can reexpress γφφ =
r2
1−r2Ω2 .
The θ-component can be ignored, since there is no extent in this direction. An alternative is to use cylindrical
coordinates (r, φ, z) along with t. This concurs with the result diag(1, r
2
1−ω2r2 , 1) of DeWitt (2011, §2.5), after
rearranging the coordinate order.
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Einstein realised the spinning disc would have non-Euclidean geometry, and for him this was a heuristic moti-
vation in developing general relativity.
11 Gravitational redshifts — the FLRW galactic cable
???
Figure 16: A rigid cable is teth-
ered to the Milky Way galaxy.
How far could it reach?
An interesting question is how far a rigid cable could reach through space
before expanding space destroys it. This is interesting for two reasons.
Firstly, using rigidity to define a fixed distance allows us to interpret cos-
mological redshifts as gravitational in origin. Secondly, when considering
whether space “expands” it is pertinent to ask whether it is possible to
make an infinitely long rigid rod. If not, it would seem that space re-
ally does expand, because something has to be pulling the rod apart, and
there is no way to avoid that interpretation. This would be similar to
the ergosphere of a spinning black hole, in which a stationary observer is
impossible due to “spinning” of space around the spinning black hole.
We investigate how far a rigid cable could reach through space before ex-
panding space destroys it. As discussed previously, rigidity allows grav-
itational redshift interpretations. Also illustrative of expansion of space,
in fact this example adds evidence to that interpretation. This section
includes original results.
To begin with, I assume local proper velocities v = −HD exactly counteract
the Hubble speed. While this is insufficient in general, it is a good starting
place.
Lemma 11.1. The changing “proper distance” D˙ from the origin equals the
local peculiar velocity of the distant object.
Proof. Rigorously, we seek D˙ = 0, where dots refer to differentiation by
cosmic time. D˙ = R˙χ + Rχ˙ (Davis et al., 2003, §2), so χ˙ = − R˙Rχ = −Hχ.
This is a coordinate speed, but what speed would a local Hubble comover
measure? From equation 108, dχdt =
v
R(t) , so v = −R˙χ = −HD is the speed
relative to the Hubble LIF.
11.1 Cable length for constant Hubble parameter
Suppose H(t) is constant over time. This implies either H(t) = 0, a static
universe; or a universe with cosmological constant and no other matter-
energy, which grows exponentially and is known as de Sitter space. The
former is trivial, so we assume the latter. This could be a model of inflation, or of the distant future of our
universe.
Suppose the cable has one end anchored with the local Hubble flow, say to the Milky Way galaxy. Suppose it
lies in a straight line (geodesic), is Born-rigid, and can withstand any tension so long as its particles remain
subluminal. (To be precise, to achieve Born-rigidity we assume adjustments to its displacement are not causally
connected, but caused by a series of pre-programmed rocket boosters all along the cable. See section 3.1.)
Now, the change in proper distance v ≡ D˙ is given by the Hubble flow v = HD = R˙χ. Hence for the cable to
remain rigid its particles must move against the flow as v = −HD to maintain equilibrium. Note, this will
only result in a rigid system if H(t) is constant.
Now denote the proper-length along the rope by s, where s = 0 at the anchor. This is a Lagrangian- or material
coordinate, which would elsewhere be denoted X, and is fixed for any given particle of the rope. In the local
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Hubble frames, the rope is length-contracted, and so more of it will fit into a given “proper distance” D. From
equation 111,
dD
ds
= γ−1 =
√
1− v2 =
√
1−H2D2 (162)∫
ds =
∫
dD√
1−H2D2 (163)
s =
1
H
sin−1(HD), (164)
using the initial condition s = 0 when D = 0. Locally, particle proper motion cannot exceed light speed, so
we have the following:
|v| < 1 HD < 1 D < H−1 χ < R˙−1. (165)
At this maximum (technically “supremum”), we have
smax = H
−1 sin−1(1) =
pi
2
H−1. (166)
H−1 is the Hubble radius. This means the longest possible cable, if one end is anchored with the Hubble flow,
is H−1 in “proper distance”, but longer than this by a factor of pi2 ≈ 1.6 in terms of its proper length — that
is, the amount of cable.
Example: In our universe, roughly 70% of the matter-energy content is dark energy, so the above calculations
(which are only valid for 100% dark energy) seem a reasonable approximation. At the present, H = H0
which in geometrical units is H0c ; writing this in SI units gives ≈ 10−26m−1. Thus the Hubble radius is
H−10 ≈ 1026m ≈ 14Glyr. A cable stretching to both horizons would have “proper distance” D = 2H−10 , and
proper length piH−10 ≈ 4×1026m ≈ 40Glyr. Towards the endpoints, even this idealised cable can barely resist
the expansion. This test scenario gives a sense that space really “is” expanding. In Newtonian cosmology by
contrast, such a cable could have any extent.
This is not just a failure of our metric. (Incidentally, one extension to this problem would be the effect of the
cable on the metric — which here assumed inconsequential). What is supplying the force? In flat spacetime
e.g. Rindler case, acceleration is the force ripping the system apart (if were extended too far). Here, endpoint
has no acceleration, however due to expansion of space, i.e. curvature of spacetime — the change in how the
LIFs are “joined” together.
We can rearrange to get:
D =
1
H
sin(sH) χ = R˙−1 sin(sH). (167)
Note that for sH  1, D ≈ s as expected since the counteracting Hubble velocities are small and thus length-
contraction is minimal. Also in the limit H → 0 we have D → s (using L’Hoˆpital’s rule), as expected. Even
though γ increases without bound as D → H−1, the total length remains finite, in contrast to the “fishing
line” case.
11.2 Application
The galactic cable can be used to interpret redshifts as a certain composite of Doppler and gravitational effects,
by setting up observers or a coordinate system with the same kinematics. Firstly, perform a Doppler shift
from a comoving galaxy frame to the frame corresponding to the endpoint of a rigid cable at the same event.
Then, the infinitesimal redshifts all along the cable are interpreted as gravitational. There is no Doppler shift
adjustment at home, the coordinate origin, because the cable is stationary with respect to the origin.
Suppose we have a dark energy dominated universe, and a comoving galaxy at χ emits a photon of wavelength
λ0 towards the coordinate origin. If χ < R˙
−1 then the galaxy is within the Hubble radius (equation 165), and
we could set up a rigid cable stretching from the origin to this point, or else a matching coordinate system or
chain of observers. The endpoint at χ has local speed R˙χ relative to the galaxy.
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The local cable frame will observe a frequency (1 + zDoppler)λ0 where the factor is
1 + zDoppler =
√
1 + R˙χ
1− R˙χ (168)
by equation 11. Then, for the entirety of the photon’s journey, the cable particles interpret the infinitesimal
redshifts as gravitational, because they maintain constant proper-frame distance from each-other. There is
no Doppler shift adjustment at the home galaxy (coordinate origin), because the cable is comoving with the
flow there. Thus, this observer or coordinate system interprets the overall redshift as made up of a mixed
1 + zDoppler component, and a gravitational component, which is nonzero in general (Davis et al., 2003, §3).
This shows the redshift interpretation is flexible. For an emitter galaxy beyond the Hubble sphere, light could
never reach the home galaxy in a de Sitter universe.
For faster than exponential expansion, the event horizon is smaller than the Hubble sphere. So if this equation
still held, you could make a rigid rod whose end we would never see! However this is a more general case and
must be solved from the system of differential equations which follows.
11.3 General case
If H is decreasing, the particles will require less peculiar velocity to counteract the expansion, so their length-
contraction effects will diminish, and so the cable will expand outwards (as measured by the “proper distance”
of Hubble flow comovers). The competing requirements of moving against the flow, and partial acquiescence
to compensate for changing H, result in a feedback mechanism. This would be sensitive to the initial setup,
although quite possibly might form a stable equilibrium also.
Using the same variables as previously, but with D and v now each functions of s and t:
∂D
∂s
= γ−1 =
√
1− v2, (169)
which is nothing more than local length-contraction. We also have
∂D
∂t
= HD + v (170)
This follows from D˙ = R˙χ + Rχ˙ = HD + v since χ˙ = dχdt =
v
R(t) which follows from the 4-velocity in
equation 108. We also have initial conditions including D(t, 0) = 0 and v(t, 0) = 0. In the varying H case,
v 6= −HD in general, although we would expect it to remain close to this value if H changes only gently.
We could eliminate v to give (
∂D
∂s
)2
+
(
∂D
∂t
−HD
)2
= 1. (171)
This complements equation 121 for Minkowski space which does not have the “−HD” term.
I have not analysed these equations further. We likely need to specify further initial conditions, such as the
initial velocity of the cable as it was unreeled. For instance, it could be assumed to unroll from Earth at a
constant rate K, analogous to the variable used for the Schwarzschild fishing line. Assuming there is flexibility
in the system, we could go further and consider acceleration of an endpoint, analogous to the Rindler chart.
This would achieve great flexibility in the interpretation of cosmological redshifts.
11.4 Further exploration
One could compute the forces on the cable, or even consider elasticity and the propagation of waves along it.
Could one set up a “galaxy hook”, by which I dub a cable which would “hook” to the Hubble flow and tow a
spacecraft? This is meant as an analogy to “skyhooks”, which are a speculative concept for escaping Earth’s
gravitational pull by a long rotating cable.
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12 Conclusions
There are lines of evidence to interpret the expansion of the universe as both “stretching of space” and
motion through space. Parallels with the Milne model and Newtonian gravity might encourage the kinematic
view, as does the natural interpretation of cosmological redshifts as purely Doppler. On the other hand,
the superluminal recession velocity of distant galaxies, and the limited extent of a galactic cable suggest the
expansion cannot be kinematic. Overall, the stretching of space is indeed a helpful metaphor, though it has
benefited from critiques of misinterpretations. It does not describe any novel physical law, but is simply a
manifestation of curved spacetime. It might be said the expansion is locally kinematic but not globablly so,
at least there is no global inertial frame.
The nature of redshifts is highly flexible in interpretation, however in the Schwarzschild and FLRW cases symme-
tries of the matter and spacetime single out the standard interpretation as most natural. Distances measured
by an observer are not given simply by the spacetime metric in general, but depend also on the observer’s mo-
tion. Length-contraction does occur in general relativity, which has major conceptual consequences including
the need to reevaluate certain astronomical calculations. Rigid acceleration of extended 3-dimensional bodies
is possible in curved spacetimes, in specific cases.
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13 Appendix A: Rigidity distance
I propose a new distance measure “rigidity distance” or “ruler distance” as follows. Given the worldline of a
particle as the starting event, extend a Born-rigid ruler out to the specified end event, if possible. Then the
rigidity distance is the proper length of the ruler. The required inputs are:
 motion of start particle (instantaneous position, velocity, and acceleration)
 a time slicing t = const (default assumed in FLRW, Schwarzschild)
 position of end particle, at least at same time t.
This assumes the ruler follows a spacetime geodesic. It is highly dependent on the start particle worldline.
Distance is relative to the frame it is measured in, but there may be an orthogonal or other natural frame as
discussed previously in section 6.4, or such a frame may be specified directly. There are limits to the extent
of a rigid body, depending on the acceleration of the start particle and the spacetime geometry. In some cases
such an extension is impossible, for instance from inside a black hole event horizon to outside.
The motion of the far end of the ruler will not match the motion of the destination location or particle, in
general. Thus the measure is asymmetric in the sense that if is between two particles, it depends on the
motion of the chosen start particle, but not the motion of the other. For nice properties, this measure has
both existence and uniqueness.
One application would be to the “tethered galaxy” scenario, where in this case the tether is taken more literally.
14 Appendix B: Schwarzschild distance integrals
The Schwarzschild radial “proper distance” dR =
(
1− 2Mr
)−1/2
dr may be integrated via the substitution
r = z2 (Taylor & Wheeler, 2000, p2-28) or computer algebra to obtain a primitive function√
r(r − 2M) + 2M ln
(√
r +
√
r − 2M
)
. (172)
Then the proper distance is given by evaluating between some r1 and r2.
The proper length interval of fishing line is f(r)dr =
(
1− 2Mr
)−1√
1− 2Mr +K2dr, as measured by the local
Schwarzschild observer. The following closed-form primitive function F (r) satisfying dF (r)dr = f(r) follows
from computer algebra plus subsequent manual simplifying:
F (r) = rW (r)−2KM ln
(
1 + 2Kf(r) + 2K2
(
1− 2M
r
)−1)
+
M(1 + 2K2)√
1 +K2
ln
(
r
(
M
r
+W (r)2 +
√
1 +K2W (r)
))
.
(173)
As above, the length is given by evaluation between some r1 and r2.
15 Appendix C: Counteracting coordinates
For an expanding FLRW universe, one could define a new coordinate system which attempts to “remove” the
expansion in which comoving coordinates remain at constant “proper distance” D. The particles could be
conceived to be tied by rigid ropes, or affixed with rocket boosters, to maintain constant D, as they are not
freefalling in general. These coordinates are inspired in part by an online physics forum post, for which I have
lost the source. But the derivation is done independently.
Actually this coordinate system fails to achieve its purpose, except in the specific case of a Hubble constant
H fixed over time. The model fails to consider length-contraction (as measured by Hubble comovers) due to
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motion against the Hubble flow. It is included primarily as a negative result, to argue against its validity
should it be proposed by others.
The “proper distance” from χ to the origin is Rχ. Define a new radial coordinate by X = R(t)χ, and keep the
other coordinates the same. Taking the total derivative,
dX = R˙χdt+Rdχ. (174)
Rearranging, Rdχ = dX − R˙χdt, and so
R2dχ2 = dX2 + R˙2χ2dt2 − 2R˙χdXdt. (175)
Substituting the Hubble parameter H ≡ R˙/R,
R2dχ2 = dX2 +H2X2dt2 − 2HXdXdt. (176)
Then χ is eliminated from the right-hand side. Now substitute this expression into the FLRW metric:
ds2 = −dt2 + dX2 +H2X2dt2 − 2HXdtdX +R2S2kdΩ2 (177)
= −(1−H2X2)dt2 − 2HXdtdX + dX2 +R2S2kdΩ2. (178)
Note the coordinate degeneracy when gtt = −(1−H2X2) = 0, which occurs when X = 1H , that is at the Hubble
radius. This is to be expected, because the Hubble radius is where the Hubble recession velocity is c, so a
particle attempting to stay at constant proper distance from the origin would require a proper velocity of c
inwards. So this coordinate singularity corresponds to a true physical limitation of the setup.
The energy-momentum tensor T will transform accordingly.
Also the particles experience increasing time dilation with distance from the origin, as measured by Hubble flow
observers who proper time is t. For a particle stationary in the new coordinates, dX = dθ = dφ = 0, so its
4-velocityu satisfies
− 1 = g(u, u) = −(1−H2X2)(ut)2, (179)
so
ut = (1−H2X2)−1/2. (180)
This relates the coordinate and proper times via ut ≡ dtdτ . So the harder they attempt to resist the expansion,
the more time-dilated they are relative to comoving objects
Na¨ıvely it may seem this achieves the goal of setting up observers at constant distance. However this metric
distance does not consider length-contraction effects, in contrast to the “galaxy cable” of section 11.
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